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Abstract
Using the matrix Riemann-Hilbert factorisation approach for non-linear evolution sys-
tems which take the form of Lax-pair isospectral deformations, the higher order asymp-
totics as t→±∞ (x/t∼O(1)) of the solution to the Cauchy problem for the modified
non-linear Schro¨dinger equation, i∂tu+
1
2
∂2
x
u+ |u|2u+is∂x(|u|2u) = 0, s ∈R>0, which
is a model for non-linear pulse propagation in optical fibres in the subpicosecond time
scale, are obtained: also derived are analogous results for two gauge-equivalent non-
linear evolution equations; in particular, the derivative non-linear Schro¨dinger equation,
i∂tq+∂
2
xq−i∂x(|q|2q)=0.
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1 Introduction
A model for the space-time evolution of the slowly-varying amplitude of the complex field
(pulse) envelope in optical fibres in the subpicosecond time scale is the modified non-linear
Schro¨dinger equation (MNLSE) [1],
i∂tu+
1
2∂
2
xu+ |u|2u+ is∂x(|u|2u) = 0, (1)
s∈R>0. In order to study its asymptotics in the solitonless sector as t→±∞ (x/t∼O(1)),
it was shown in [2] that, since its associated matrix Riemann-Hilbert (RH) factorisation
problem does not possess the canonical normalisation, the MNLSE can be reduced to a
gauge-equivalent non-linear evolution equation (NLEE) whose associated (solvable) matrix
RH factorisation problem possesses the canonical normalisation: in fact, it was shown in [2]
that, for Q(x, t) satisfying the following NLEE,
i∂tQ+ ∂
2
xQ+ iQ
2∂xQ+
1
2Q|Q|4 = 0, (2)
with initial condition Q(x,0)∈S(R;C) (see the beginning of Sec. 2, Notational Conventions,
for the definition of the class S(D;C) and (•)), the function q(x, t), which is defined by the
following gauge transformation (see Proposition 2.3)
q(x, t) := Q(x, t)((Ψ−1(x, t; 0))11)2, (3)
with initial condition q(x,0)∈S(R;C), satisfies the derivative non-linear Schro¨dinger equa-
tion (DNLSE),
i∂tq + ∂
2
xq − i∂x(|q|2q) = 0, (4)
and u(x, t), under the following (scaling and Galilean) transformation,
u(x, t) := 1√
2s
exp{ is(x− t2s)}q( ts − x, t2), (5)
with initial condition u(x,0)∈S(R;C), satisfies the MNLSE. A systematic method for the
leading order asymptotic analysis of soliton-bearing equations (integrable in the sense of the
inverse scattering method (ISM) [3, 4, 5]) solvable through a canonical, oscillatory matrix
RH factorisation problem was developed by Deift and Zhou [6] (see, also, [7, 8, 9]). Using
the Deift-Zhou [6] procedure (with amendments [2, 10]), the following leading-order results
were proven (in Theorems 1.1 and 1.2 below, one should keep the upper signs as t→+∞
and the lower signs as t→−∞ everywhere):
Theorem 1.1 ([2, 10]) For ||r||L∞(R;C) := supλ∈R |r(λ)|< 1, where r(λ) is the reflection
coefficient associated with the direct scattering problem for the operator ∂x−U(x, t;λ) (see
Proposition 2.1), and Q(x,0) and q(x,0), respectively, ∈S(R;C), as t→±∞ and x→∓∞
such that λ0 :=
1
2
√
−xt >M1 (>0) and (x, t)∈R2\Ωn,
Q(x, t) =
√
±ν(λ0)
2λ20t
ei{4λ
4
0t∓ν(λ0) ln|t|+φ±(λ0)+Φ̂±(λ0)+pi2 } +O
(
C1(λ0) ln |t|
λ20t
)
,
q(x, t) =
√
±ν(λ0)
2λ20t
ei{4λ
4
0t∓ν(λ0) ln|t|+φ±(λ0)+Φ̂±(λ0)+ǫ±(λ0)+pi2 } +O
(
C2(λ0) ln |t|
λ20t
)
,
where Ωn, ν(λ0), φ
±(λ0), and Φ̂±(λ0) are given in Theorem 2.2, ǫ±(λ0) are given in
Theorem 2.3, with C1,2(λ0) ∈ S(R>M1 ;C), and, as t → ±∞ and x → ±∞ such that
µ0 :=
1
2
√
x
t >M2 (>0) and (x, t)∈R2\✵n,
Q(x, t) =
√
∓ν(iµ0)
2µ20t
ei{4µ40t∓ν(iµ0) ln|t|+φ±′(µ0)+Φ̂±′(µ0)+π} +O
(
C3(µ0) ln |t|
µ20t
)
,
q(x, t) =
√
∓ν(iµ0)
2µ20t
ei{4µ40t∓ν(iµ0) ln|t|+φ±′(µ0)+Φ̂±′(µ0)+ǫ±′(µ0)+π} +O
(
C4(µ0) ln |t|
µ20t
)
,
where ✵n, ν(iµ0), φ
±′(µ0), and Φ̂±′(µ0) are given in Theorem 2.2, ǫ±′(µ0) are given in
Theorem 2.3, and C3,4(µ0)∈S(R>M2 ;C).
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Theorem 1.2 ([2, 10]) For ||r||L∞(R;C) := supλ∈R |r(λ)|<1 and u(x,0)∈S(R;C), as t→
±∞ and x→±∞ such that λ̂0 :=
√
1
2 (
x
t − 1s )>M3 (>0), xt > 1s , s∈R>0, and (x, t)∈R2 \ Ω˜n,
u(x, t) =
√
±ν(λ̂0)
2λ̂20st
ei{2(λ̂
2
0+
1
2s
)2t∓ν(λ̂0) ln|t|+φ±(λ̂0)+Φ˜±(λ̂0)+pi2 } +O
(
C5(λ̂0) ln |t|
λ̂20t
)
,
where Ω˜n and Φ˜
±(λ̂0) are given in Theorem 2.4, with C5(λ̂0)∈S(R>M3 ;C), and, as t→±∞
and x→∓∞ or ±∞ such that µ̂0 :=
√
1
2(
1
s− xt ) >M4 (> 0), xt < 1s , s ∈R>0, and (x, t) ∈
R
2 \ ✵˜n,
u(x, t) =
√
∓ν(iµ̂0)
2µ̂20st
ei{2(µ̂
2
0− 12s )2t∓ν(iµ̂0) ln|t|+φ±′(µ̂0)+Φ˜±′(µ̂0)+π} +O
(
C6(µ̂0) ln |t|
µ̂20t
)
,
where ✵˜n and Φ˜
±′(µ̂0) are given in Theorem 2.4, and C6(µ̂0)∈S(R>M4 ;C).
Recently, Deift and Zhou [11] introduced a higher-order generalisation of their previous
procedure [6], and showed, using the defocusing non-linear Schro¨dinger (NLS) and modified
Korteweg-de Vries (MKdV) equations, respectively, as their illustrative examples, how, in
principle, to obtain the full asymptotic expansion to all orders as t→ +∞ (x/t ∼ O(1))
for integrable systems solvable through a canonical, oscillatory matrix RH factorisation
problem: in order to decipher the structure of the higher-order interaction of modes for the
solution of the MNLSE in the solitonless sector as t→±∞ (x/t∼O(1)), the higher order
generalisation of the Deift-Zhou [11] procedure is applied (see, also, [12] for some recent
results pertaining to non-soliton solutions of the NLS equation, and [13] for the higher
order asymptotics of the KdV equation in the solitonless sector); moreover, even though
specific design-related issues and/or feasibility studies for the MNLSE are not considered
in this article, it is also instructive to consider its asymptotics in the solitonless sector as
t→±∞ (x/t∼O(1)) as it may find potential application(s) as a model for (propagation
in) the optical fibre element used, say, in a non-linear fibre-loop mirror (whose transmission
characteristics are intensity dependent), since such devices, when designed specifically to
transmit the central part of a pulse and block its low-intensity wings, can compress any
non-soliton pulse(s) [1].
Even though the application of the higher-order generalisation of the Deift-Zhou [11]
procedure gives a systematic justification for the asymptotic form of the solutions to
the Cauchy problems for Eq. (2), the DNLSE, and MNLSE, unlike the NLS and MKdV
equations, whose associated recurrence relations for the coefficients of the asymptotic ex-
pansions are explicitly (algebraically) solvable in closed form, the following two novel
and substantial complications, associated with the non-analyticity of the reflection coef-
ficient, r(λ) (for the direct scattering problem of the operator ∂x−U(x, t;λ): see Propo-
sition 2.1), at the origin of the complex plane of the auxiliary spectral parameter (λ),
are encountered: (1) (Dm(r(λ)|
λ∈R))|λ=0 6= (Dm(r(λ)|λ∈iR))|λ=0, where D := ddλ , and
m = 1, 3, 5, . . ., in which case, there are two independent sets of constant coefficients as-
sociated with the Taylor series expansion of the reflection coefficient about λ=0; and (2)
(r(λ)|
λ∈R)|λ=0=(r(λ)|λ∈iR)|λ=0=0 [2]. Despite the fact that a set of recurrence relations
for the coefficients of the asymptotic expansions of the solutions to Eq. (2), the DNLSE,
and MNLSE as t→±∞ (x/t∼O(1)) can be derived, their closed form solutions are not
possible to obtain due to the fact that a subset of the coefficients appearing in these re-
currence relations, associated with the two independent sets of (odd order) derivatives of
the reflection coefficient at the origin, must be determined independently. It is shown, in
principle, how to overcome this complication, and the next three non-trivial terms beyond
the leading-order ones given in Theorems 1.1 and 1.2 are calculated for the solutions of
Eq. (2), the DNLSE, and MNLSE.
This paper is organised as follows. In Sec. 2: (1) the matrix RH factorisation problem
for the solution of the gauge-equivalent NLEE, Eq. (2), is stated; (2) the Beals-Coifman [14]
formulation for the solution of a (matrix) RH problem on an oriented contour is succinctly
recapitulated; and (3) the results of this paper are summarised as Theorems 2.2–2.4. In
Sec. 3, the higher-order generalisation of the Deift-Zhou [11] procedure is carried out in order
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to determine the (form of the) asymptotic expansion to all orders as t→+∞ (x/t∼O(1))
of the solution to the Cauchy (initial-value) problem for Q(x, t), and recurrence relations
for a few of its leading expansion coefficients are explicitly derived. In Sec. 4, a certain
set of λ0-dependent numbers, which are expressed in terms of the two independent sets
of the Taylor series expansion coefficients for the reflection coefficient about the origin
of the complex plane of the auxiliary spectral parameter, are calculated, and are shown,
in conjunction with the (first few) leading recurrence formulae derived in Sec. 3, to lead
to linear integro-differential equations for the asymptotic series expansion coefficients for
Q(x, t), which can—in principle—be rewritten as integral equations of the first kind, with
Laplace transform-type kernels, whose inversion, concomitant with a σ3-induced symmetry
reduction, leads to their solution. In Sec. 5, the phase integral (Eq. (3)), ((Ψ−1(x, t; 0))11)2,
is evaluated asymptotically as t → +∞ (x/t ∼ O(1)). In Sec. 6, the above asymptotic
paradigm is briefly presented for the case when t→ −∞ (x/t ∼ O(1)); furthermore, the
results obtained in this paper constitute a formal proof of Lemmae 5.2 and 6.3.1 which
were stated, but not proved, in [10].
Remark 1.1 Strictly speaking, this paper is a hybrid continuation of [2] and [10], and is not
completely self-contained: theorems, concepts, definitions, and formulae from these references
are used with minimal explanations. Even though CP1 :=C∪ {∞} is the standard definition
for the Riemann sphere (the complex plane with the point at infinity), throughout this
paper, the simplified notation C is used to denote the Riemann sphere.
2 The Riemann-Hilbert (RH) Problem, The Beals-Coifman
(BC) Formulation, and Summary of Results
In this section, the (general) matrix RH factorisation problem is stated, the BC [14] formu-
lation for the solution of a (matrix) RH problem on an oriented contour is briefly reviewed,
and the results of this paper are summarised as Theorems 2.2–2.4. Before doing so, however,
notations and definitions which are used throughout the paper are introduced:
Notational Conventions
(1) eαβ , α, β ∈ {1, 2}, denote 2× 2 matrices with entry 1 in (αβ), (eαβ)ij := δαiδβj ,
i, j∈{1, 2}, where δij is the Kronecker delta;
(2) I :=e11+e22=diag(1, 1) denotes the 2×2 identity matrix;
(3) σ3 :=e11−e22=diag(1,−1), σ− :=e21, σ+ :=e12, and σ1 :=σ−+σ+;
(4) for a scalar ̟ and a 2×2 matrix Υ, ̟ad(σ3)Υ:=̟σ3Υ̟−σ3 ;
(5) (•) denotes complex conjugation of (•);
(6) M2(C) denotes the 2× 2 complex matrix algebra with the following inner product
((·,·):M2(C)×M2(C)→C), ∀ a, b ∈M2(C), (a,b) := tr(ba), and (for a ∈M2(C)) the
norm on M2(C) is defined as |a| :=
√
(a,a);
(7) Lp(D;M2(C)) := {f ; f :D → M2(C), ||f ||Lp(D;M2(C)) := (
∫
D |f(ξ)|p|dξ|)1/p < ∞, p ∈
{1, 2}};
(8) L∞(D;M2(C)) :={g; g:D→M2(C), ||g||L∞(D;M2(C)) := max1≤i,j≤2 supξ∈D |gij(ξ)|<∞};
(9) for D an unbounded domain of R ∪ iR, let S(D;C) (resp. S(D;M2(C))) denote the
Schwartz class on D, i.e., the class of smooth C-valued (resp. M2(C)-valued) functions
f(x):D→C (resp. F (x):D→M2(C)) which together with all derivatives tend to zero
faster than any positive power of |x|−1 as |x|→∞.
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As is clear from the discussion at the beginning of the Introduction, the strategy here
is as follows: (1) solve Eq. (2) for Q(x, t); (2) use the gauge transformation (Eq. (3)) to
solve the DNLSE; and (3) via Eq. (5), solve the MNLSE. To recall the relations between
the solutions of these NLEEs, the following propositions are formulated:
Proposition 2.1 ([15]) The necessary and sufficient condition for the compatibility of the
following system of linear ODEs (the Lax pair) for arbitrary λ∈C,
∂xΨ(x, t;λ) = U(x, t;λ)Ψ(x, t;λ), ∂tΨ(x, t;λ) = V (x, t;λ)Ψ(x, t;λ), (6)
where
U(x, t;λ)=−iλ2σ3+λ(Qσ−+Qσ+)− i2 |Q|2σ3,
V (x, t;λ) = 2λ2U(x, t;λ)−iλ((∂xQ)σ−−(∂xQ)σ+)+( i4 |Q|4+ 12(Q∂xQ−Q∂xQ))σ3,
is that Q(x, t) satisfies Eq. (2).
Proposition 2.2 ([2, 10]) Let Q(x, t) be a solution of Eq. (2). Then there exists a corre-
sponding solution of system (6) such that Ψ(x, t; 0) is a diagonal matrix.
Proposition 2.3 ([2, 10]) Let Q(x, t) be a solution of Eq. (2) and Ψ(x, t;λ) the correspond-
ing solution of system (6) given in Proposition 2.2. Set Ψq(x, t;λ) :=Ψ
−1(x, t; 0)Ψ(x, t;λ).
Then
∂xΨq(x, t;λ) = Uq(x, t;λ)Ψq(x, t;λ), ∂tΨq(x, t;λ) = Vq(x, t;λ)Ψq(x, t;λ),
where
Uq(x, t;λ) = −iλ2σ3 + λ(qσ− + qσ+),
Vq(x, t;λ) =
(
−2iλ4 − iλ2|q|2 2λ3q + iλ∂xq + λ|q|2q
2λ3q − iλ∂xq + λ|q|2q 2iλ4 + iλ2|q|2
)
,
with q(x, t) defined by Eq. (3), is the “Kaup-Newell” [16] Lax pair for the DNLSE.
Proposition 2.4 ([2, 10]) If q(x, t) is a solution of the DNLSE such that q(x,0)∈S(R;C),
then u(x, t), defined by Eq. (5), satisfies the MNLSE with initial condition u(x,0)∈S(R;C).
Remark 2.1 A convention is now adopted which is adhered to sensus strictu throughout
the paper: for each segment of an oriented contour, according to the given orientation, the
“+” side is to the left and the “−” side is to the right as one traverses the contour in the
direction of the orientation; hence, (•)+ and (•)− denote, respectively, the non-tangential
limits (boundary values) of (•) on an oriented contour from the “+” (left) and “−” (right)
sides.
Before stating the (general) matrix RH problem, it is convenient to introduce the follow-
ing preamble: let Zd :=∪Ni=1({±λi}∪{±λi}) and Γ̂ :={λ; ℑ(λ2)=0} (oriented as in Fig. 1)
denote, respectively, the discrete and continuous spectra of the operator ∂x−U(x, t;λ), and
σ£ :=Spec(∂x−U)=Zd∪Γ̂ (Zd ∩ Γ̂=∅).
Lemma 2.1 ([10]) Let Q(x, t), as a function of x,∈S(R;C). Set m(x, t;λ) :=Ψ(x, t;λ) exp{
i(λ2x+2λ4t)σ3}. Then: (1) the bounded discrete set Zd is finite (card(Zd)<∞); (2) the
poles of m(x, t;λ) are simple; (3) the first (resp. second) column of m(x, t;λ) has poles at
{±λi}Ni=1 (resp. {±λi}Ni=1); and (4) ∀ t ∈R the function m(x, t;λ):C\(Zd∪ Γ̂)→ SL(2,C)
solves the following RH problem:
a. m(x, t;λ) is meromorphic ∀λ∈C\Γ̂;
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✻
+ −
+−
+
−
−
+
❄
✛ ✲
ℑ(λ2)> 0
ℑ(λ2)< 0ℑ(λ2)> 0
ℑ(λ2)< 0
ℜ(λ)
ℑ(λ)
Figure 1: Continuous spectrum Γ̂.
b. m(x, t;λ) satisfies the following jump conditions,
m+(x, t;λ) = m−(x, t;λ) exp{−i(λ2x+2λ4t)ad(σ3)}G(λ), λ∈ Γ̂,
where
G(λ) :=
(
1− r(λ)r(λ) r(λ)
−r(λ) 1
)
:= (I−w−(λ))−1(I+w+(λ)),
r(λ), the reflection coefficient associated with the direct scattering problem for the
operator ∂x−U(x, t;λ), satisfies r(−λ)=−r(λ), and r(λ)∈S(Γ̂;C);
c. for the simple poles of m(x, t;λ) at {±λj}Nj=1 and {±λj}Nj=1, there exist nilpotent
matrices {vj(x, t)σ−}Nj=1 and {vj(x, t)σ+}Nj=1, respectively, such that the residues, for
1≤j≤N , satisfy the (BC [14]) polar conditions,
res(m(x, t;λ);λj) = lim
λ→λj
m(x, t;λ)vj(x, t)σ−,
res(m(x, t;λ);−λj) = −σ3res(m(x, t;λ);λj)σ3,
res(m(x, t;λ);λj ) = lim
λ→λj
m(x, t;λ)vj(x, t)σ+,
res(m(x, t;λ);−λj ) = −σ3res(m(x, t;λ);λj )σ3,
where λj :=∆j exp{ i2(π−γj)}, ∆j > 0, γj ∈ (0,π), vj(x, t) :=Cj exp{2i(λ2jx+2λ4j t)},
and Cj are complex constants associated with the direct scattering problem for the
operator ∂x−U(x, t;λ);
d. as λ→∞, λ∈C\(Zd∪Γ̂),
m(x, t;λ) = I +O(λ−1).
Lemma 2.2 Let ||r||L∞(R;C) := supλ∈R |r(λ)|< 1. Then: (1) the RH problem formulated
in Lemma 2.1 is uniquely solvable; (2) Ψ(x, t;λ) =m(x, t;λ) exp{−i(λ2x+2λ4t)σ3} is the
solution of system (6) with
Q(x, t) := 2i lim
λ→∞
λ∈C\(Zd∪Γ̂)
(λm(x, t;λ))12; (7)
(3) the function Q(x, t) defined by Eq. (7) satisfies Eq. (2), and
q(x, t) := Q(x, t)((m−1(x, t; 0))11)2 (8)
satisfies the DNLSE; and (4) m(x, t;λ) possesses the following symmetry reductions, m(x, t;
λ)=σ3m(x, t;−λ)σ3 and m(x, t;λ)=σ1m(x, t;λ)σ1.
If r(λ)∈S(Γ̂;C), then, for any t∈R, Q(x, t) (resp. q(x, t)), as a function of x,∈S(R;C).
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Proof. The solvability of the RH problem (formulated in Lemma 2.1) is a consequence
of Theorem 9.3 in [17] (Zhou’s skew Schwarz reflection invariant symmetry arguments:
see, also, [18]) and the vanishing winding number of 1−r(λ)r(λ), ∫
Γ̂
d(arg(1−r(λ)r(λ)))=∑
l∈{>
<
}s(l)n(l) = 0, where s(>) =−s(<) = 1, and n(><) := card({λj ; ℑ(λ2j )><0}), items (2)
and (4) can be verified via straightforward calculations, and the fact that q(x, t) (Eq. (8))
satisfies the DNLSE follows from Eq. (3) and the definition of m(x, t;λ).
Remark 2.2 The solvability of the RH problem for ||r||L∞(Γ̂)< 1 (resp. ||r||L∞(R;C)< 1)
and Zd≡∅ (resp. Zd 6≡ ∅) for sufficiently large |t| was proved in [2] (resp. [10]). Note: the
condition ||r||L∞(Γ̂)<1 which appears in [2] is restrictive, and can be replaced by the weaker
condition ||r||L∞(R;C)<1.
Remark 2.3 The RH problem formulated in Lemma 2.1 subsumes the “full” spectrum, σ£,
of the operator ∂x−U(x, t;λ), namely, discrete, Zd, and continuous, Γ̂, with σ£=Zd∪Γ̂ (Zd∩
Γ̂= ∅): the leading-order asymptotics as t→±∞ (x/t∼O(1)) for the solutions of Eq. (2),
the DNLSE, and MNLSE corresponding to the “full” spectrum, σ£, are given in [10]; in this
paper, however, a somewhat different set of asymptotics is considered, namely, the higher
order asymptotics as t→±∞ (x/t∼O(1)) of the “continuum component” (corresponding
to Γ̂) of the solutions to these NLEEs (the so-called “non-soliton” asymptotics), and the
“effect” of the discrete spectrum, Zd, is “felt” (or manifests itself) as Blaschke-Potapov-
type factors [3, 5] which appear in the form of finite products multiplying the reflection
coefficient, r(λ), in the respective jump (conjugation) matrices of the “asymptotic” RH
problems (see Sec. 4, Lemma 4.1 and Sec. 6, Lemma 6.1.1): in essence, oscillatory matrix
RH problems will be considered [19]. Loosely speaking, and abusing nomenclature, the
higher order asymptotics as t → ±∞ (x/t ∼ O(1)) in the real plane, R2, but “off the
soliton trajectories” [10] are considered, namely, for arbitrarily chosen but fixed n such
that 1 ≤ n ≤ N , N ∈ Z≥1, and for those γn ∈ (π2 ,π) (resp. γn ∈ (0,π2 )), the following
asymptotics are investigated: (1) for Q(x, t) and q(x, t), with Q(x,0) and q(x,0), respectively,
∈S(R;C), (x, t)→ (∓∞,±∞) (resp. (x, t)→ (±∞,±∞)) such that λ0 := 12
√
−xt >M1 (>0)
(resp. µ0 :=
1
2
√
x
t >M2 (>0)) and (x, t)∈R2\Ωn (resp. (x, t)∈R2\✵n) (see Theorem 2.2 for
the definitions of Ωn and ✵n); and (2) for u(x, t), with u(x,0)∈S(R;C), (x, t)→(±∞,±∞)
(resp. (x, t) → (∓∞,±∞) or (±∞,±∞)) such that λ̂0 :=
√
1
2 (
x
t − 1s ) > M3 (> 0), xt > 1s ,
s∈R>0 (resp. µ̂0 :=
√
1
2(
1
s− xt )>M4 (>0), xt < 1s , s∈R>0), and (x, t)∈R2\Ω˜n (resp. (x, t)∈
R
2\✵˜n) (see Theorem 2.4 for the definitions of Ω˜n and ✵˜n).
Before proceeding any further, a self-contained synopsis of the BC [14] formulation (see,
also, [17, 18, 20]) for the solution of an oscillatory matrix RH problem on an oriented contour
is presented. The matrix RH problem on an oriented contour L consists of finding aM2(C)-
valued function X (λ) such that: (1) X (λ) is piecewise holomorphic ∀λ∈C\L; (2) X+(λ)=
X−(λ)G(λ), λ∈L, for jump matrix G(λ):L→M2(C); and (3) as λ→∞, λ∈C\L, X (λ)=
I+O(λ−1). Writing the jumpmatrix in the following factorised form, G(λ) :=(I−w−x,t(λ))−1(I+
w+x,t(λ)), λ∈L, where w±x,t(λ)∈∩p∈{2,∞}Lp(L;M2(C)) (with ||w±x,t(·)||∩k∈{2,∞}Lk(L;M2(C)) :=∑
k∈{2,∞} ||w±x,t(·)||Lk(L;M2(C))), respectively, are nilpotent off-diagonal upper/lower trian-
gular 2×2 matrices, define wx,t(λ) :=w−x,t(λ)+w+x,t(λ), and introduce the operator Cwx,t on
L2(L;M2(C)) as Cwx,tf :=C+(f w−x,t)+C−(f w+x,t), where C±:L2(L;M2(C))→L2(L;M2(C))
denote the Cauchy operators, (C±f)(λ) := lim
λ′→λ
λ′∈± side of L
∫
L
f(ξ)
(ξ−λ′)
dξ
2πi .
Theorem 2.1 ([14]) If µ(λ)∈ I⊕L2(L;M2(C)) solves the following linear singular integral
equation,
(Id− Cwx,t)µ = I,
7
where Id is the identity operator on I⊕L2(L;M2(C)), then the solution of the RH problem
for X (λ) is
X (λ) = I +
∫
L
µ(ξ)wx,t(ξ)
(ξ − λ)
dξ
2πi
, λ ∈ C\L,
where µ(λ)=X+(λ)(I+w+x,t(λ))−1=X−(λ)(I−w−x,t(λ))−1.
From Lemma 2.2, Remark 2.3, and Theorem 2.1, the solution of the Cauchy problem
for Eq. (2) is
Q(x, t) = −i
(
[σ3,
∫
Γ̂
((Id− Cwx,t)−1I)(ξ)wx,t(ξ)
dξ
2πi
]
)
12
, (9)
where wx,t(λ) :=
∑
l∈{±}wlx,t(λ), and w
±
x,t(λ) :=exp{−i(λ2x+2λ4t)ad(σ3)}w±(λ).
Remark 2.4 To facilitate the reading of the results presented in Theorems 2.2–2.4 (see
below), as well as those appearing throughout the paper, the following preamble is necessary:
(1)M ∈R>0 is a fixed constant; (2) the “symbols” c(z) and cS(z), respectively, which appear
in the various error estimations are to be understood as follows, c(z) ∈ L∞(R>M ;C) and
cS(z) ∈ S(R>M ;C); and (3) even though the symbols c(z) and cS(z) are not equal and
should properly be denoted as c1(z), c2(z), etc., the simplified “notations” c(z) and c
S(z)
are retained throughout since the principal concern here is not their explicit functional
z-dependence, but rather, the functional class(es) to which they belong.
Remark 2.5 In Theorems 2.2–2.4 (see below), one should keep the upper signs as t→+∞
and the lower signs as t→−∞ everywhere, and, concerning the constants K±1 which appear
in these theorems, the reader should refer to Sec. 4, Remark 4.2.
In this paper, the following results are proven:
Theorem 2.2 Let m(x, t;λ) be the solution of the RH problem formulated in Lemma 2.1
with the condition ||r||L∞(R;C)<1 and Q(x, t), the solution of Eq. (2), be defined by Eq. (7).
Then, for Q(x, 0) ∈ S(R;C), as t→ ±∞ and x→ ∓∞ such that λ0 := 12
√
−xt > M and
(x, t)∈R2 \ Ωn, Ωn :={(x, t); x−4t∆2n cos γn=O(1)}, for those γn∈(π2 ,π),
Q(x, t)=Q±(x, t)+O
(
c(λ0)(ln |t|)ε(±)
(±λ20t)2
)
, (10)
where
Q±(x, t) :=
eiτ±(λ0;t)u±1,1,0(λ0)√±t +
u±−1,2,0(λ0)
(±t) +
eiτ±(λ0;t)
∑2
q=0
u±1,3,q(λ0)(ln |t|)q
(±t)3/2 +
u±−1,3,0(λ0)
(±t)3/2 , (11)
τ±(z1; z2) :=4z41z2∓ν(z1) ln|z2|, (12)
ν(z) :=− 12π ln(1−|r(z)|2), (13)
u±1,1,0(z)=
√
ν(z)
2z2 exp{i(φ±(z) + Φ̂±(z) + π2 )}, (14)
φ+(z)= 1π
∫ z
0 ln|ξ2−z2|d ln(1−|r(ξ)|2)− 1π
∫∞
0 ln|ξ2+z2|d ln(1+|r(iξ)|2), (15)
φ−(z)= 1π
∫∞
z ln|ξ2−z2|d ln(1−|r(ξ)|2), (16)
Φ̂±(z)=± arg Γ(iν(z))+arg r(z)∓3ν(z) ln 2+ (2±1)π4 +2
∑
l∈L±
arg
(
(z−λl)(z+λl)
(z−λl)(z+λl)
)
, (17)
u±−1,2,0(z)=∓
i(r′(0)−r′(i0)) exp{2i(ϑ±(z)+2
∑
l∈L±
γl)}
πz223 , (18)
r′(0) :=(dr(λ)dλ |λ∈R)|λ=0, r′(i0):=(
dr(λ)
dλ |λ∈iR)|λ=0, (19)
ϑ+(z)=−
∫ z
0
ln(1−|r(ξ)|2)
ξ
dξ
π +
∫∞
0
ln(1+|r(iξ)|2)
ξ
dξ
π , ϑ−(z)=−
∫∞
z
ln(1−|r(ξ)|2)
ξ
dξ
π , (20)
8
u±−1,3,0(z)=∓
i(r′(0)−r′(i0)) exp{2i(ϑ±(z)+2
∑
l∈L±
γl)}K±1
πz323 , (21)
u±1,3,2(z)=
±i(∂ν(z)
∂z
)2u±1,1,0(z)+ν(z)(
∂ν(z)
∂z
)2{u±1,1,0(z) exp{2iϕ±(z)}−u±1,1,0(z)}
64z2 , (22)
u±1,3,1(z)=±(i∓ν(z))R±o (z)+ν(z) exp{2iϕ±(z)}R±o (z), (23)
R±o (z) :=∓2iu±1,3,2(z)±
i(
∂u±
1,1,0
(z)
∂z
)(
∂ν(z)
∂z
)
32z2 ±
i(
∂2ν(z)
∂z2
)u±1,1,0(z)
64z2 ∓
i(
∂ν(z)
∂z
)u±1,1,0(z)
64z3
− ν(z)(
∂ν(z)
∂z
)u±1,1,0(z)
16z3
, (24)
u±1,3,0(z)=±(i∓ν(z))S±o (z)+ν(z) exp{2iϕ±(z)}S±o (z), (25)
S±o (z) :=∓iu±1,3,1(z)−
(
∂2u±
1,1,0
(z)
∂z2
)
64z2
+
(
∂u±
1,1,0
(z)
∂z
)
64z3
± i(
∂u±
1,1,0
(z)
∂z
)ν(z) exp{2iϕ±(z)}
16z3
− (ν(z))
2u±1,1,0(z)
8z4 , (26)
ϕ±(z) :=φ±(z)+Φ̂±(z)+ π2 , (27)
Γ(·) is the gamma function [21], ∑l∈L+ :=∑Nl=n+1, ∑l∈L− :=∑n−1l=1 , K±1 ∈C, and ε(±) :=
1
2(1±1), and, as t→±∞ and x→±∞ such that µ0 := 12
√
x
t >M and (x, t) ∈ R2 \ ✵n,
✵n :={(x, t); x−4t∆2n cos γn=O(1)}, for those γn∈(0,π2 ),
Q(x, t)=Q′±(x, t)+O
(
c(µ0)(ln |t|)ε(±)
(±µ20t)2
)
, (28)
where
Q′±(x, t) :=
e
iτ ′±(µ0;t)u±′1,1,0(µ0)√±t +
u±′−1,2,0(µ0)
(±t) +
e
iτ ′±(µ0;t)
∑2
q=0
u±′1,3,q(µ0)(ln |t|)q
(±t)3/2 +
u±′−1,3,0(µ0)
(±t)3/2 , (29)
τ ′±(z1; z2) :=4z41z2∓ν(iz1) ln|z2|, (30)
ν(iz) :=− 12π ln(1+|r(iz)|2), (31)
u±′1,1,0(z)=
√
−ν(iz)2z2 exp{i(φ±′(z) + Φ̂±′(z) + π)}, (32)
φ+′(z)= 1π
∫ z
0 ln|ξ2−z2|d ln(1+|r(iξ)|2)− 1π
∫∞
0 ln|ξ2+z2|d ln(1−|r(ξ)|2), (33)
φ−′(z)= 1π
∫∞
z ln|ξ2−z2|d ln(1+|r(iξ)|2), (34)
Φ̂±′(z)=± arg Γ(iν(iz))+arg r(iz)∓3ν(iz) ln 2− (2∓1)π4 −2
∑
l∈L±
arg
(
(z−λl)(z+λl)
(z−λl)(z+λl)
)
, (35)
u±′−1,2,0(z)=∓
(r′(0)−r′(i0)) exp{2i(ϑ′±(z)−2
∑
l∈L±
γl)}
πz223 , (36)
ϑ′+(z)=−
∫ z
0
ln(1+|r(iξ)|2)
ξ
dξ
π +
∫∞
0
ln(1−|r(ξ)|2)
ξ
dξ
π , ϑ
′−(z)=−
∫∞
z
ln(1+|r(iξ)|2)
ξ
dξ
π , (37)
u±′−1,3,0(z)=∓
i(r′(0)−r′(i0)) exp{2i(ϑ′±(z)−2
∑
l∈L±
γl)}K±1
πz323 , (38)
u±′1,3,2(z)=
±i(∂ν(iz)
∂z
)2u±′1,1,0(z)−ν(iz)(∂ν(iz)∂z )2{u±′1,1,0(z) exp{2iϕ′±(z)}+u±′1,1,0(z)}
64z2
, (39)
u±′1,3,1(z)=±(i∓ν(iz))R±′o (z)−ν(iz) exp{2iϕ′±(z)}R±′o (z), (40)
R±′o (z) :=∓2iu±′1,3,2(z)±
i(
∂u±′
1,1,0
(z)
∂z
)(
∂ν(iz)
∂z
)
32z2 ±
i(
∂2ν(iz)
∂z2
)u±′1,1,0(z)
64z2 ∓
i(
∂ν(iz)
∂z
)u±′1,1,0(z)
64z3
− ν(iz)(
∂ν(iz)
∂z
)u±′1,1,0(z)
16z3
, (41)
u±′1,3,0(z)=±(i∓ν(iz))S±′o (z)−ν(iz) exp{2iϕ′±(z)}S±′o (z), (42)
S±′o (z) :=∓iu±′1,3,1(z)−
(
∂2u±′
1,1,0
(z)
∂z2
)
64z2 +
(
∂u±′
1,1,0
(z)
∂z
)
64z3 ±
i(
∂u±′
1,1,0
(z)
∂z
)ν(iz) exp{2iϕ′±(z)}
16z3
9
− (ν(iz))
2u±′1,1,0(z)
8z4 , (43)
ϕ′±(z) :=φ±′(z)+Φ̂±′(z)+
π
2 . (44)
Theorem 2.3 Let m(x, t;λ) be the solution of the RH problem formulated in Lemma 2.1
with the condition ||r||L∞(R;C) < 1 and q(x, t), the solution of the DNLSE (Eq. (4)), be
defined by Eq. (8). Then, for q(x, 0) ∈ S(R;C), as t→±∞ and x→∓∞ such that λ0 :=
1
2
√
−xt >M and (x, t)∈R2 \Ωn, Ωn :={(x, t); x−4t∆2n cos γn=O(1)}, for those γn∈(π2 ,π),
q(x, t)=Q±(x, t) exp{i arg q±(x, t)}+O
(
cS(λ0)(ln |t|)2
(±λ20t)2
)
, (45)
where Q±(x, t) are given in Theorem 2.2, Eqs. (11)–(27), and
arg q±(x, t)=ǫ±(λ0)−
√
2
±t
∫∞
λ0
√
ν(ξ)
ξ2
(Rr sin(κ±(ξ; t))−Ri cos(κ±(ξ; t)))dξπ
± |R(0)|2
π224λ20(±t)
−
√
2
(±t)
∫∞
λ0
√
ν(ξ)
ξ3 (a
± sin(κ±(ξ; t))−b± cos(κ±(ξ; t)))dξπ
± 1
23(±t)
∫∞
λ0
(4(ν(ξ))
2
ξ5
+
ν(ξ)(
∂ν(ξ)
∂ξ
)
ξ4
− ν(ξ)(
∂2ν(ξ)
∂ξ2
)
ξ3
− (
∂ν(ξ)
∂ξ
)2
ξ3
± (
∂ν(ξ)
∂ξ
)(
∂ϕ±(ξ)
∂ξ
)
ξ3
±ν(ξ)(
∂2ϕ±(ξ)
∂ξ2
)
ξ3
∓ 3ν(ξ)(
∂ϕ±(ξ)
∂ξ
)
ξ4
)dξ∓ ln |t|
23(±t)
∫∞
λ0
(
(
∂ν(ξ)
∂ξ
)2
ξ3
− 3ν(ξ)(
∂ν(ξ)
∂ξ
)
ξ4
+
ν(ξ)(
∂2ν(ξ)
∂ξ2
)
ξ3
)dξ, (46)
ǫ±(z) :=−2ϑ±(z), (47)
κ±(z; t) :=τ±(z; t)+φ±(z)+Φ̂±(z)+ π2+ǫ
±(z)−4 ∑
l∈L±
γl, (48)
R(0) :=r′(0)−r′(i0), Rr :=ℜ{R(0)}, Ri :=ℑ{R(0)}, (49)
a± :=RrK±1,r−RiK±1,i, b± :=RrK±1,i+RiK±1,r, (50)
K±1,r :=ℜ{K±1 }, K±1,i :=ℑ{K±1 }, (51)
and, as t → ±∞ and x → ±∞ such that µ0 := 12
√
x
t > M and (x, t) ∈ R2 \ ✵n, ✵n :=
{(x, t); x−4t∆2n cos γn=O(1)}, for those γn∈(0,π2 ),
q(x, t)=Q′±(x, t) exp{i arg q′±(x, t)}+O
(
cS(µ0)(ln |t|)2
(±µ20t)2
)
, (52)
where Q′±(x, t) are given in Theorem 2.2, Eqs. (29)–(44), and
arg q′±(x, t)=ǫ±′(µ0)+
√
2
±t
∫∞
µ0
√
−ν(iξ)
ξ2
(Rr cos(κ
′±(ξ; t))+Ri sin(κ′±(ξ; t)))
dξ
π
∓ |R(0)|2
π224µ20(±t)
+
√
2
(±t)
∫∞
µ0
√
−ν(iξ)
ξ3 (a
± sin(κ′±(ξ; t))−b± cos(κ′±(ξ; t)))dξπ
± 1
23(±t)
∫∞
µ0
(4(ν(iξ))
2
ξ5
+
ν(iξ)(
∂ν(iξ)
∂ξ
)
ξ4
− ν(iξ)(
∂2ν(iξ)
∂ξ2
)
ξ3
− (
∂ν(iξ)
∂ξ
)2
ξ3
± (
∂ν(iξ)
∂ξ
)(
∂ϕ′±(ξ)
∂ξ
)
ξ3
±ν(iξ)(
∂2ϕ′±(ξ)
∂ξ2
)
ξ3
∓ 3ν(iξ)(
∂ϕ′±(ξ)
∂ξ
)
ξ4
)dξ∓ ln |t|
23(±t)
∫∞
µ0
(
(
∂ν(iξ)
∂ξ
)2
ξ3
− 3ν(iξ)(
∂ν(iξ)
∂ξ
)
ξ4
+
ν(iξ)(
∂2ν(iξ)
∂ξ2
)
ξ3
)dξ, (53)
ǫ±′(z) :=−2ϑ′±(z), (54)
κ′±(z; t) :=τ ′±(z; t)+φ±′(z)+Φ̂±′(z)+π+ǫ±′(z)+4
∑
l∈L±
γl. (55)
Theorem 2.4 Let m(x, t;λ) be the solution of the RH problem formulated in Lemma 2.1
with the condition ||r||L∞(R;C) < 1 and u(x, t), the solution of the MNLSE (Eq. (1)), be
defined by Eq. (5) in terms of the function q(x, t) given in Theorem 2.3. Then, for u(x, 0)∈
S(R;C), as t→±∞ and x→±∞ such that λ̂0 :=
√
1
2(
x
t − 1s ) >M , xt > 1s , s ∈ R>0, and
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(x, t)∈R2 \ Ω˜n, Ω˜n :={(x, t); −x+t(1s−2∆2n cos γn)=O(1)}, for those γn∈(π2 ,π),
u(x, t)= v̂±(x, t)ŵ±(x, t)+O
(
cS(λ̂0)(ln |t|)2
(±λ̂20t)2
)
, (56)
where
v̂±(x, t)=
eîτ± (̂λ0;t)v±1,1,0(λ̂0)√±t +
v±−1,2,0(λ̂0)
(±t) +
eîτ±(̂λ0;t)
∑2
q=0
v±1,3,q(λ̂0)(ln |t|)q
(±t)3/2 +
v±−1,3,0(λ̂0)
(±t)3/2 , (57)
τ̂±(λ̂0; t) :=τ±(λ̂0; t/2), (58)
v±1,1,0(λ̂0) :=
1√
s
u±1,1,0(λ̂0), (59)
v±−1,2,0(λ̂0) :=
√
2
su
±
−1,2,0(λ̂0), (60)
v±1,3,0(λ̂0) :=
2√
s
(u±1,3,0(λ̂0)−u±1,3,1(λ̂0) ln 2+u±1,3,2(λ̂0)(ln 2)2), (61)
v±1,3,1(λ̂0) :=
2√
s
(u±1,3,1(λ̂0)−2u±1,3,2(λ̂0) ln 2), (62)
v±1,3,2(λ̂0) :=
2√
s
u±1,3,2(λ̂0), (63)
v±−1,3,0(λ̂0) :=
2√
s
u±−1,3,0(λ̂0), (64)
ŵ±(x, t)=exp
{
i
(
ǫ±(λ̂0)− 2√±t
∫∞
λ̂0
√
ν(ξ)
ξ2 (Rr sin(κ̂±(ξ; t))−Ri cos(κ̂±(ξ; t)))dξπ
± |R(0)|2
π223λ̂20(±t)
− 2
√
2
(±t)
∫∞
λ̂0
√
ν(ξ)
ξ3 (a
± sin(κ̂±(ξ; t))−b± cos(κ̂±(ξ; t)))dξπ
± 122(±t)
∫∞
λ̂0
(4(ν(ξ))
2
ξ5 +
ν(ξ)(
∂ν(ξ)
∂ξ
) ln(e/8)
ξ4 +
ν(ξ)(
∂2ν(ξ)
∂ξ2
) ln(2/e)
ξ3 +
(
∂ν(ξ)
∂ξ
)2 ln(2/e)
ξ3
± (
∂ν(ξ)
∂ξ
)(
∂ϕ±(ξ)
∂ξ
)
ξ3 ±
ν(ξ)(
∂2ϕ±(ξ)
∂ξ2
)
ξ3 ∓
3ν(ξ)(
∂ϕ±(ξ)
∂ξ
)
ξ4 )dξ∓ ln |t|22(±t)
∫∞
λ̂0
(
(
∂ν(ξ)
∂ξ
)2
ξ3
−3ν(ξ)(
∂ν(ξ)
∂ξ
)
ξ4 +
ν(ξ)(
∂2ν(ξ)
∂ξ2
)
ξ3 )dξ+
t
2s2 (4λ̂
2
0s+1)
)}
, (65)
κ̂±(z; t) := τ̂±(z; t)+φ±(z)+Φ̂±(z)+ π2+ǫ
±(z)−4 ∑
l∈L±
γl, (66)
and, as t→±∞ and x→∓∞ or ±∞ such that µ̂0 :=
√
1
2(
1
s− xt )>M , xt < 1s , s∈R>0, and
(x, t)∈R2\✵˜n, ✵˜n :={(x, t); −x+t(1s−2∆2n cos γn)=O(1)}, for those γn∈(0,π2 ),
u(x, t)= v˜±(x, t)w˜±(x, t)+O
(
cS(µ̂0)(ln |t|)2
(±µ̂20t)2
)
, (67)
where
v˜±(x, t)=
e
i˜τ ′±(µ̂0;t)v±′1,1,0(µ̂0)√±t +
v±′−1,2,0(µ̂0)
(±t) +
e
i˜τ ′±(µ̂0;t)
∑2
q=0
v±′1,3,q(µ̂0)(ln |t|)q
(±t)3/2 +
v±′−1,3,0(µ̂0)
(±t)3/2 , (68)
τ˜ ′±(µ̂0; t) :=τ ′±(µ̂0; t/2), (69)
v±′1,1,0(µ̂0) :=
1√
s
u±′1,1,0(µ̂0), (70)
v±′−1,2,0(µ̂0) :=
√
2
su
±′
−1,2,0(µ̂0), (71)
v±′1,3,0(µ̂0) :=
2√
s
(u±′1,3,0(µ̂0)−u±′1,3,1(µ̂0) ln 2+u±′1,3,2(µ̂0)(ln 2)2), (72)
v±′1,3,1(µ̂0) :=
2√
s
(u±′1,3,1(µ̂0)−2u±′1,3,2(µ̂0) ln 2), (73)
v±′1,3,2(µ̂0) :=
2√
s
u±′1,3,2(µ̂0), (74)
v±′−1,3,0(µ̂0) :=
2√
s
u±′−1,3,0(µ̂0), (75)
w˜±(x, t)=exp
{
i
(
ǫ±′(µ̂0)+ 2√±t
∫∞
µ̂0
√
−ν(iξ)
ξ2 (Rr cos(κ˜
′±(ξ; t))+Ri sin(κ˜′±(ξ; t)))
dξ
π
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∓ |R(0)|2
π223µ̂20(±t)
+ 2
√
2
(±t)
∫∞
µ̂0
√
−ν(iξ)
ξ3
(a± sin(κ˜′±(ξ; t))−b± cos(κ˜′±(ξ; t)))dξπ
± 122(±t)
∫∞
µ̂0
(4(ν(iξ))
2
ξ5 +
ν(iξ)(
∂ν(iξ)
∂ξ
) ln(e/8)
ξ4 +
ν(iξ)(
∂2ν(iξ)
∂ξ2
) ln(2/e)
ξ3 +
(
∂ν(iξ)
∂ξ
)2 ln(2/e)
ξ3
± (
∂ν(iξ)
∂ξ
)(
∂ϕ′±(ξ)
∂ξ
)
ξ3 ±
ν(iξ)(
∂2ϕ′±(ξ)
∂ξ2
)
ξ3 ∓
3ν(iξ)(
∂ϕ′±(ξ)
∂ξ
)
ξ4 )dξ∓ ln |t|22(±t)
∫∞
µ̂0
(
(
∂ν(iξ)
∂ξ
)2
ξ3
−3ν(iξ)(
∂ν(iξ)
∂ξ
)
ξ4 +
ν(iξ)(
∂2ν(iξ)
∂ξ2
)
ξ3 )dξ− t2s2 (4µ̂20s−1)
)}
, (76)
κ˜′±(z; t) := τ˜ ′±(z; t)+φ±′(z)+Φ̂±′(z)+π+ǫ±′(z)+4
∑
l∈L±
γl. (77)
Remark 2.6 The term-by-term differentiation of the asymptotic expansions given in Theo-
rems 2.2–2.4 will not be proven here since the proof is identical to that given in Sec. 4 of [11].
In this paper, the proof of the asymptotic expansions for Q(x, t) and q(x, t) (resp. u(x, t))
is presented for the cases (x, t)→ (∓∞,±∞) (resp. (x, t)→ (±∞,±∞)) such that λ0>M
(resp. λ̂0 >M) and (x, t)∈R2\Ωn (resp. (x, t) ∈R2\Ω˜n) for those γn ∈ (π2 ,π): the results
for the remaining domains of the (x, t)-plane are obtained analogously. For a recent ac-
count of the asymptotic behaviour of non-soliton solutions of the defocusing NLS equation
(resp. DNLSE) as t→+∞ such that x/t∼O(1) (resp. t→±∞ such that x/t∼O(1)) in
weighted Sobolev spaces, see [22] (resp. [23]); furthermore, for some recent results pertaining
to the solvability of RH problems in weighted Sobolev spaces, see [24].
3 Higher Order Deift-Zhou Theory
In this section, employing the higher-order generalisation of the Deift-Zhou [11] procedure,
the asymptotic expansion to all orders as t→ +∞ and x→ −∞ such that λ0 > M for
Q(x, t) given in Lemma 3.4 (see below) is systematically derived: hereafter, all explicit x, t
dependences are suppressed, except where absolutely necessary.
•• •
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Figure 2:
Lemma 3.1 ([2]) Set ς :=∪l∈{B,A,C}ςl (Fig. 2). As t→+∞ and x→−∞ such that λ0>M ,
there exists a unique function mς(λ):C\ς→SL(2,C) which solves the following RH problem:
(1) mς(λ) is piecewise holomorphic ∀λ∈C\ς;
(2) mς(λ) satisfies the following jump conditions,
mς+(λ) = m
ς
−(λ)vς (λ), λ ∈ ς,
where
vς(λ)|
ς
(1)
j ∪ς
(2)
j
= I +R(1,2)j (λ;λ0)(δ+(λ;λ0))−2 exp{2itρ(λ;λ0)}σ−,
12
vς(λ)|
ς
(3)
j ∪ς
(4)
j
= I +R(3,4)j (λ;λ0)(δ+(λ;λ0))2 exp{−2itρ(λ;λ0)}σ+,
vς(λ)|
ς
(1)
C ∪ς
(2)
C
= I +R(1,2)C (λ;λ0)(δ+(λ;λ0))2 exp{−2itρ(λ;λ0)}σ+,
vς(λ)|
ς
(3)
C ∪ς
(4)
C
= I +R(3,4)C (λ;λ0)(δ+(λ;λ0))−2 exp{2itρ(λ;λ0)}σ−,
j ∈ {B,A}, ρ(λ;λ0)= 2λ2(λ2−2λ20), {0,±λ0}= {λ′; ∂λρ(λ;λ0)|λ=λ′ =0} are the first-
order stationary phase points,
δ+(λ;λ0) = exp
{ ∑
l∈{±}
(∫ lλ0
0
ln(1−|r(ξ)|2)
(ξ−λ)
dξ
2πi +
∫ i0
li∞
ln(1−r(ξ)r(ξ))
(ξ−λ)
dξ
2πi
)}
,
and {R(l,l+1)B (λ;λ0),R(l,l+1)A (λ;λ0),R(l,l+1)C (λ;λ0)}l∈{1,3} are some rational functions
which decay to zero as λ→∞, λ∈ ς \∪k∈{B,A,C}{sgn(k)λ0}, where sgn(B)=−sgn(A)=
1 and sgn(C)=0, and have, respectively, Taylor series expansions in {λ′; |λ′−sgn(k)λ0|
<ε}∩ςk, k ∈ {B,A, C}, where ε is an arbitrarily fixed, sufficiently small positive real
number;
(3) as λ→∞, λ∈C\ς,
mς(λ) = I +O(λ−1).
Moreover, for arbitrary l′∈Z≥1,
Q(x, t) = 2i lim
λ→∞
λ∈C\ς
(λmς(x, t;λ))12 +O
(
c(λ0)
(λ20t)
l′
)
,
with Q(x,0)∈S(R;C), satisfies Eq. (2), and mς(λ) satisfies the following symmetry reduc-
tions, mς(λ)=σ3m
ς(−λ)σ3 and mς(λ)=σ1mς(λ)σ1.
Analysing the signature graph of ℜ(itρ(λ;λ0)), it was shown in [2] that, as t→+∞ and
x→−∞ such that λ0>M , ∃ εo∈R>0 such that −I+vς(λ)|ς(j)
k
∪ς(j+1)
k
∼O(e−εot), k∈{B,A, C},
j∈{1, 3}.
Proposition 3.1 Set sgn(B)=−sgn(A)= 1, sgn(C)=0, and zB(λ0)=zA(λ0)=zC(λ0)/
√
2
:= z(16λ20)
−1/2. For j ∈{B,A, C} and λ∈ ςj \{sgn(j)λ0}, change variables according to the
rule λ−sgn(j)λ0→ zj(λ0)/
√
t (6=0). Then as t→+∞ and x→−∞ such that λ0>M , for
arbitrary No∈Z≥1,
vς(sgn(k)λ0+
zk(λ0)√
t
)=exp{i(2λ40t− ν(λ0)2 ln t)ad(σ3)}V k(z;λ0),
V k(z;λ0) :=I + e
i{(−8λ20z2+ν(λ0) ln z)ad(σ3)}
No∑
p=0
p∑
q=0
V kp,q(z;λ0)(ln t)
q
tp/2
+ Ek(z;λ0),
vς(sgn(C)λ0+ zC(λ0)√t ) :=V C(z;λ0)=I+ei{4λ
2
0z
2ad(σ3)}
No∑
p=0
p∑
q=0
V Cp,q(z;λ0)(ln t)q
tp+1/2
+EC(z;λ0),
k∈{B,A}, where, for 0≤p≤No and 0≤q≤p,
||ei{(−8λ20(·)2+ν(λ0) ln(·))ad(σ3)}V kp,q(·;λ0)||∩l∈{1,2,∞}Ll(ς′k\{0};M2(C)) <∞,
||ei{4λ20(·)2ad(σ3)}V Cp,q(·;λ0)||∩l∈{1,2,∞}Ll(ς′C\{0};M2(C)) <∞,
||Ek(·;λ0)||∩l∈{1,2,∞}Ll(ς′k\{0};M2(C)) = O
(
cS(λ0)(ln t)No+1
(λ20t)
(No+1)/2
)
,
||EC(·;λ0)||∩l∈{1,2,∞}Ll(ς′C\{0};M2(C)) = O
(
c(λ0)(ln t)No+1
(λ20t)
No+3/2
)
,
with ς ′k denoting the shifted and scaled version of ςk (centred at the origin), and ς
′
C denoting
the scaled version of ςC.
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Proof. The case k = B (↔ λ0) is considered in detail: the cases k = A (↔ −λ0) and
C (↔ 0) are treated analogously. Using the fact that ||r||L∞(R;C) < 1 and r(λ) ∈ S(Γ̂;C),
and recalling that ν(λ0) := − 12π ln(1− |r(λ0)|2) (> 0), one expands, via an integration
by parts argument, the integral I(λ0) :=
∫ λ0
0
ln(1−|r(ξ)|2)
(ξ−λ)
dξ
2πi , which appears in the expres-
sion for δ+(λ;λ0) given in Lemma 3.1, and shows that, for arbitrary No ∈ Z≥1, I(λ0) =
iν(λ0) ln|λ−λ0|+∑Nom=1(I(1)m (λ0) ln|λ−λ0|+I(2)m (λ0))(λ−λ0)m+O(cS(λ0) ln|λ−λ0|(λ−λ0)No+1),
where I
(j)
m (λ0)∈S(R>M ;C), j∈{1, 2}, 1≤m≤No; furthermore, one expands ρ(λ;λ0) given
in Lemma 3.1 in a Taylor series about λ0 and shows that ρ(λ;λ0)=−2λ40+8λ20(λ−λ0)2+
8λ0(λ−λ0)3+2(λ−λ0)4. Now, using the expressions for vς(λ)|ς(j)B ∪ς(j+1)B , j ∈ {1, 3}, given
in Lemma 3.1, expanding R(j,j+1)B (λ;λ0), j ∈ {1, 3}, in Taylor series’ about λ0, and re-
calling the above expansions for I(λ0) and ρ(λ;λ0), one makes the transformation (shift
and scaling) given in the Proposition, λ−λ0 = z(16λ20t)−1/2 (6= 0), and obtains the re-
sult for vς(λ0+z(16λ
2
0t)
−1/2) stated in the Proposition by expanding in reciprocal powers
of (λ20t)
1/2: the estimates for ||ei{(−8λ20(·)2+ν(λ0) ln(·))ad(σ3)}V Bp,q(·;λ0)||∩l∈{1,2,∞}Ll(ς′B\{0};M2(C))
and ||EB(·;λ0)||∩l∈{1,2,∞}Ll(ς′B\{0};M2(C)) are a straightforward, but onerous, generalisation of
those given in the proof of Lemma 4.1 in [10]. Recalling the expressions for vς(λ)|
ς
(j)
l
∪ς(j+1)
l
,
j ∈ {1, 3}, l ∈ {A, C}, given in Lemma 3.1, and noting that, in the case of the first-order
stationary phase point at the origin [2], (r(λ)|
λ∈R)|λ=0 = (r(λ)|λ∈iR)|λ=0 = 0, proceeding
analogously as indicated above, one obtains the results stated in the Proposition.
Definition 3.1 LetN (•;M2(C)) denote the linear vector space of bounded linear operators
acting from ∪p∈{2,∞}Lp(•;M2(C)) into L2(•;M2(C)).
Proposition 3.2 As t→+∞ and x→−∞ such that λ0>M , for arbitrary No∈Z≥1,
(Cwkf)(w˜;λ0) =
No∑
p=0
p∑
q=0
(ln t)q
tp/2
(Ĉkp,qf)(w˜;λ0) + (Êkf)(w˜;λ0),
(CwCf)(w˜;λ0) =
No∑
p=0
p∑
q=0
(ln t)q
tp+1/2
(ĈCp,qf)(w˜;λ0) + (ÊCf)(w˜;λ0),
k∈{B,A}, where, for 0≤p≤No and 0≤q≤p,
||Ĉkp,q||N (ς′
k
\{0};M2(C)) <∞, ||Ĉ
C
p,q||N (ς′C\{0};M2(C)) <∞,
||Êk||N (ς′
k
\{0};M2(C)) = O
(
cS(λ0)(ln t)No+1
(λ20t)
(No+1)/2
)
, ||ÊC ||N (ς′C\{0};M2(C)) = O
(
c(λ0)(ln t)No+1
(λ20t)
No+3/2
)
.
Proof. The case k=B (↔λ0) is considered in detail: the cases k=A (↔−λ0) and C (↔0)
are treated analogously. Recalling the BC [14] formulation (Theorem 2.1 and the paragraph
superseding it), and setting w+x,t(z) := w
B,+
x,t (z) = V
B(z;λ0)− I and w−x,t(z) := wB,−x,t (z) = 0
(for the justification of this last step, see [20], pp. 293–294, Proof of Theorem 3.14 and
Proposition 1.9 , and [24]), where the superscript B refers to the first-order stationary phase
point at λ0, the operator Cwx,t :=CwB on z ∈ ς ′B \{0}, for arbitrary f(z)∈ ∪l∈{2,∞}Ll(ς ′B \
{0};M2(C)), is represented as
(CwBf)(w˜;λ0)=C−(f(V B(z;λ0)− I))= lim
w′→w˜
w′∈−side ofς′B\{0}
∫
ς′B\{0}
f(ξ)(V B(ξ;λ0)−I)
(ξ−w′)
dξ
2πi ;
hence, using the expression for V B(z;λ0) given in Proposition 3.1, defining, for 0≤ p≤No
and 0≤q≤p, with No∈Z≥1 and arbitrary,
(ĈBp,qf)(w˜;λ0) := lim
w′→w˜
w′∈−side ofς′B\{0}
∫
ς′B\{0}
f(ξ)ei{(−8λ
2
0
ξ2+ν(λ0) ln ξ)ad(σ3)}V Bp,q(ξ;λ0)
(ξ−w′)
dξ
2πi ,
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(ÊBf)(w˜;λ0) := lim
w′→w˜
w′∈−side ofς′B\{0}
∫
ς′B\{0}
f(ξ)EB(ξ;λ0)
(ξ−w′)
dξ
2πi ,
and using the estimates for ||ei{(−8λ20(·)2+ν(λ0) ln(·))ad(σ3)}V Bp,q(·;λ0)||∩l∈{1,2,∞}Ll(ς′B\{0};M2(C))
and ||EB(·;λ0)||∩l∈{1,2,∞}Ll(ς′B\{0};M2(C)) given in Proposition 3.1, one obtains the results
stated in the Proposition. For the cases k=A (↔−λ0) and C (↔0), one proceeds analogously
as described above, except with the following definitions:
(ĈAp,qf)(w˜;λ0) := lim
w′→w˜
w′∈−side ofς′A\{0}
∫
ς′A\{0}
f(ξ)ei{(−8λ
2
0
ξ2+ν(λ0) ln ξ)ad(σ3)}V Ap,q(ξ;λ0)
(ξ−w′)
dξ
2πi ,
(ĈCp,qf)(w˜;λ0) := lim
w′→w˜
w′∈−side ofς′C\{0}
∫
ς′C\{0}
f(ξ)ei{4λ
2
0ξ
2ad(σ3)}V Cp,q(ξ;λ0)
(ξ−w′)
dξ
2πi ,
(ÊAf)(w˜;λ0) := lim
w′→w˜
w′∈−side ofς′A\{0}
∫
ς′A\{0}
f(ξ)EA(ξ;λ0)
(ξ−w′)
dξ
2πi ,
(ÊCf)(w˜;λ0) := lim
w′→w˜
w′∈−side ofς′C\{0}
∫
ς′C\{0}
f(ξ)EC(ξ;λ0)
(ξ−w′)
dξ
2πi ,
where, for z ∈ ς ′A \{0}, f(z) ∈ ∪l∈{2,∞}Ll(ς ′A \{0};M2(C)), and, for z ∈ ς ′C \{0}, f(z) ∈
∪l∈{2,∞}Ll(ς ′C \{0};M2(C)).
Lemma 3.2 ([2]) As t → +∞ and x → −∞ such that λ0 > M , ∃ ǫk0,0(λ0) ∈ R>0, with
ǫk0,0(λ0)<∞, k∈{B,A, C}, such that
||(Idk − Ĉk0,0(·;λ0))−1||N (ς′
k
\{0};M2(C)) ≤ ǫ
k
0,0(λ0),
where Idk denotes the identity operator on ∪p∈{2,∞}Lp(ς ′k\{0};M2(C)).
Remark 3.1 More explicitly, it was shown in [2] that, as t→+∞ and x→−∞ such that
λ0>M , ǫ
k
0,0(λ0)=c(λ0)(1−||r||L∞(R;C))−1, k∈{B,A, C}.
Definition 3.2 For some unbounded domain (open simply-connected set) D ⊂ C and a
M2(C)-valued function F (·), the “notation” ||F (·)||∪p∈{2,∞}Lp(D;M2(C))→L2(D;M2(C)) is to
be understood as follows: (1) F :∪p∈{2,∞}Lp(D;M2(C))→L2(D;M2(C)); and (2) the norm
is taken as (||F (∞)||2L∞(D;M2(C))+||F (·)−F (∞)||
2
L2(D;M2(C))
)1/2.
Proposition 3.3 As t→+∞ and x→−∞ such that λ0>M , for arbitrary No∈Z≥1,
µk(w˜;λ0) = I +
No∑
p=0
p∑
q=0
µkp,q(w˜;λ0)(ln t)
q
tp/2
+ E˜kµ(w˜;λ0),
µC(w˜;λ0) = I +
2∑
p′=1
No∑
p=0
p∑
q=0
µC
p′,p,q(w˜;λ0)(ln t)
q
tp+p
′/2 + E˜Cµ(w˜;λ0),
k∈{B,A}, where, for 1≤p′≤2, 0≤p≤No, and 0≤q≤p,
||µkp,q(·;λ0)||∪l∈{2,∞}Ll(ς′k\{0};M2(C))→L2(ς′k\{0};M2(C)) <∞,
||µCp′,p,q(·;λ0)||∪l∈{2,∞}Ll(ς′C\{0};M2(C))→L2(ς′C\{0};M2(C)) <∞,
||E˜kµ(·;λ0)||∪l∈{2,∞}Ll(ς′k\{0};M2(C))→L2(ς′k\{0};M2(C)) = O
(
cS(λ0)(ln t)No+1
(λ20t)
(No+1)/2
)
,
||E˜Cµ (·;λ0)||∪l∈{2,∞}Ll(ς′C\{0};M2(C))→L2(ς′C\{0};M2(C)) = O
(
c(λ0)(ln t)No+1
(λ20t)
No+3/2
)
.
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Proof. For k∈{B,A, C}, define µk(w˜;λ0) :=(Idk−Cwk(w˜;λ0))−1I, where Idk denotes the
identity operator on ∪p∈{2,∞}Lp(ς ′k\{0};M2(C)). Since, from Lemma 3.2, as t→+∞ and
x→−∞ such that λ0>M , ∃ ǫk0,0(λ0)∈R>0 with ǫk0,0(λ0)<∞ such that
||(Idk − Ĉk0,0(·;λ0))−1I||∪l∈{2,∞}Ll(ς′k\{0};M2(C))→L2(ς′k\{0};M2(C))≤ǫ
k
0,0(λ0),
the results stated in the Proposition follow from those given in Proposition 3.2, via the
method of successive approximations, by expanding {µk(w˜;λ0)}k∈{B,A,C} in von Neumann-
type series’ as t→+∞ (x/t∼O(1)) (see, also, Part II of [5]).
Definition 3.3 Let {mςk(λ)}k∈{B,A,C} denote the solutions of the corresponding RH prob-
lems on {vς(λ)|
ς
(p)
k
∪ς(p+1)
k
, ςk} p∈{1,3}
k∈{B,A,C}
, and {mς′k (w˜)}k∈{B,A,C} denote the solutions of the
associated RH problems on {vς′(w˜)|
ς
′(p)
k
∪ς′(p+1)
k
, ς ′k} p∈{1,3}
k∈{B,A,C}
.
Proposition 3.4 As t→+∞ and x→−∞ such that λ0>M , for arbitrary No∈Z≥1,
mςk(λ) = I + e
i
2
{(4λ40t−ν(λ0) ln t)ad(σ3)}
No∑
p=1
p−1∑
q=0
mkp,q(λ;λ0)(ln t)
q
tp/2
+ Ekmς (λ;λ0),
mςC(λ) = I +
1∑
p′=0
No∑
p=1
p−1∑
q=0
mC
p′,p,q(λ;λ0)(ln t)
q
tp+p
′/2 +E
C
mς (λ;λ0),
k∈{B,A}, where, for 0≤p′≤1, 1≤p≤No, and 0≤q≤p−1,
||mkp,q(·;λ0)||L∞(C\ςk ;M2(C)) <∞, ||m
C
p′,p,q(·;λ0)||L∞(C\ςC ;M2(C)) <∞,
||Ekmς (·;λ0)||L∞(C\ςk;M2(C)) = O
(
cS(λ0)(ln t)No
(λ20t)
(No+1)/2
)
,
||ECmς (·;λ0)||L∞(C\ςC ;M2(C))=O
(
c(λ0)(ln t)No
(λ20t)
No+1
)
.
Proof. From Theorem 2.1, Lemma 3.1, the change-of-variable rule in Proposition 3.1,
and the proof of Proposition 3.2, it follows that,
mςk(λ) = e
i
2
{(4λ40t−ν(λ0) ln t)ad(σ3)}mς
′
k ((16λ
2
0t)
1/2(λ− sgn(k)λ0))
= I + e
i
2
{(4λ40t−ν(λ0) ln t)ad(σ3)} ∫
(16λ20t)
1/2(ςk\{sgn(k)λ0})
µk(ξ;λ0)(V k(ξ;λ0)−I)
(ξ−(16λ20t)1/2(λ−sgn(k)λ0))
dξ
2πi ,
mςC(λ) = m
ς′
C ((8λ
2
0t)
1/2λ) = I +
∫
(8λ20t)
1/2(ςC\{0})
µC(ξ;λ0)(V C(ξ;λ0)−I)
(ξ−(8λ20t)1/2λ)
dξ
2πi ,
k∈{B,A}, with sgn(B)=−sgn(A)=1. The results stated in the Proposition now follow from
the asymptotic expansions given in Propositions 3.1 and 3.3, and the following geometric
progressions, (ξ−(16λ20t)1/2(λ−sgn(k)λ0))−1=−
∑
l∈Z≥0ξ
l((16λ20t)
1/2(λ−sgn(k)λ0))−(l+1)
and (ξ−(8λ20t)1/2λ)−1=−
∑
l∈Z≥0ξ
l((8λ20t)
1/2λ)−(l+1).
Let Ξk be sufficiently small, counter-clockwise-oriented, mutually disjoint oblongs cen-
tred at sgn(k)λ0, k ∈ {B,A, C}, where sgn(B) =−sgn(A) = 1 and sgn(C) = 0 (see Fig. 3).
Corollary 3.1 As t→+∞ and x→−∞ such that λ0>M , for arbitrary No∈Z≥1,
||mkp,q(·;λ0)||L∞(Ξk ;M2(C)) <∞, ||m
C
p′,p,q(·;λ0)||L∞(ΞC ;M2(C)) <∞,
||Ekmς (·;λ0)||L∞(Ξk ;M2(C)) = O
(
cS(λ0)(ln t)No
(λ20t)
(No+1)/2
)
,
||ECmς (·;λ0)||L∞(ΞC ;M2(C)) = O
(
c(λ0)(ln t)No
(λ20t)
No+1
)
,
where k∈{B,A}, 0≤p′≤1, 1≤p≤No, and 0≤q≤p−1.
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Figure 3:
Proof. Since, from Lemma 3.1, the solution of the RH problem (mς(λ), vς(λ), ς) is
bounded, i.e., ||mς(·)||L∞(C\ς;M2(C)) <∞, the results stated in the Corollary are an im-
mediate consequence of Proposition 3.4.
Following Eqs. (2.38) and Remark 2.49 in [11], make the following definition (see Fig. 4):
Definition 3.4 Set
mΞ(λ) :=
 m
ς(λ), λ ∈ C \ ⋃
k∈{B,A,C}
(int Ξk ∪ Ξk),
mς(λ)(mςk(λ))
−1, λ ∈ int Ξk.
Lemma 3.3 Set Ξ:=∪l∈{B,A,C}Ξl. As t→+∞ and x→−∞ such that λ0>M , there exists
a unique function mΞ(λ):C\Ξ→SL(2,C) which solves the following RH problem:
(1) mΞ(λ) is piecewise holomorphic ∀λ∈C\Ξ;
(2) mΞ(λ) satisfies the following jump conditions,
mΞ+(λ) = m
Ξ−(λ)vΞ(λ), λ ∈ Ξ,
where, for l∈{B,A, C},
vΞ(λ)|Ξl := (vΞ−(λ))−1vΞ+(λ)|Ξl = (mςl (λ))−1;
(3) as λ→∞, λ∈C\Ξ,
mΞ(λ) = I +O(λ−1).
Moreover, for arbitrary l′∈Z≥1,
Q(x, t) = 2i lim
λ→∞
λ∈C\Ξ
(λmΞ(x, t;λ))12 +O
(
c(λ0)
(λ20t)
l′
)
,
with Q(x,0)∈S(R;C), satisfies Eq. (2), and mΞ(λ) satisfies the following symmetry reduc-
tions, mΞ(λ)=σ3m
Ξ(−λ)σ3 and mΞ(λ)=σ1mΞ(λ)σ1.
Proof. Follows from Lemma 3.1, the fact that mς+(λ)=m
ς
−(λ)=mς(λ) ∀ λ∈C\ς, and
the definition of mΞ(λ).
Definition 3.5 Let i, j, k∈{B,A, C}. For i 6=j 6=k, set
m♯i(λ) :=
{
mςi (λ), λ ∈ Ξi,
I, λ ∈ Ξj ∪ Ξk.
Proposition 3.5 The operator CwΞ for the inverse problem on Ξ is given by
CwΞ(λ;λ0) =
∑
X∈{B,A,C}
XΞ(λ;λ0),
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vΞ(λ)|ΞA =(mςA(λ))−1
ΞA
vΞ(λ)|ΞC =(mςC(λ))−1
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vΞ(λ)|ΞB =(mςB(λ))−1
ΞB
Figure 4:
where, for any f ∈∪p∈{2,∞}Lp(Ξ;M2(C)) and X 6=Y 6=Z∈{B,A, C},
(XΞf)(λ;λ0) =
{
C−(f((m
♯
X)
−1 − I)), λ ∈ ΞX ,
0, λ ∈ ΞY ∪ ΞZ ,
and, for arbitrary No∈Z≥1,
µΞ(λ;λ0) = I +
No∑
j=1
( ∑
X∈{B,A,C}
XΞ(λ;λ0)
)j
+ EΞ(λ;λ0),
with
||EΞ(·;λ0)||∪l∈{2,∞}Ll(Ξ;M2(C))→L2(Ξ;M2(C)) = O
(
c(λ0)(ln t)No
(λ20t)
(No+1)/2
)
.
Proof. From Theorem 2.1 (and the paragraph preceding it: the analogue of the BC
[14] operator Cwx,t on Ξ, denoted here as CwΞ), Lemma 3.3 (the expression for v
Ξ(λ)|Ξl ,
l ∈ {B,A, C}), Definition 3.5, and setting {w−Ξl(λ)}l∈{B,A,C} = 0 and w+Ξk(λ) = vΞ(λ)|Ξk−
I = (mςk(λ))
−1− I, k ∈ {B,A, C}, one obtains, from the asymptotic expansions given in
Corollary 3.1, the expressions for CwΞ(λ;λ0) and (X
Ξf)(λ;λ0), X ∈{B,A, C}, given in the
Proposition: now, using the method of successive approximations, one expands, as t→+∞
and x→−∞ such that λ0>M , the function µΞ(λ;λ0) := (IdΞ−CwΞ(λ;λ0))−1I, where IdΞ
denotes the identity operator on ∪p∈{2,∞}Lp(Ξ;M2(C)), in a von Neumann-type series (see,
also, Part II of [5]), and obtains, for arbitrary No ∈Z≥1, the result for µΞ(λ;λ0) and the
estimation for ||EΞ(·;λ0)||∪l∈{2,∞}Ll(Ξ;M2(C))→L2(Ξ;M2(C)) stated in the Proposition.
Proposition 3.6 As t→+∞ and x→−∞ such that λ0>M , for arbitrary No∈Z≥1,
XΞ(λ;λ0) =
No∑
p=1
p−1∑
q=0
(ln t)qX˜p,q(λ;λ0)
tp/2
+ EX(λ;λ0),
CΞ(λ;λ0) =
1∑
p′=0
No∑
p=1
p−1∑
q=0
(ln t)qCp′,p,q(λ;λ0)
tp+p
′/2 + EC(λ;λ0),
where X ∈ {B,A}, X˜p,q(λ;λ0) := exp{ i2̟2(λ0)}Xp,q(λ;λ0) exp{− i2̟2(λ0)}, with ̟2(λ0) :=
(4λ40t−ν(λ0) ln t)ad(σ3), and, for 0≤p′≤1, 1≤p≤No, and 0≤q≤p−1,
||Xp,q(·;λ0)||∪l∈{2,∞}Ll(ΞX ;M2(C))→L2(ΞX ;M2(C)) <∞,
||Cp′,p,q(·;λ0)||∪l∈{2,∞}Ll(ΞC ;M2(C))→L2(ΞC ;M2(C)) <∞,
||EX(·;λ0)||∪l∈{2,∞}Ll(ΞX ;M2(C))→L2(ΞX ;M2(C)) = O
(
cS(λ0)(ln t)No
(λ20t)
(No+1)/2
)
,
||EC(·;λ0)||∪l∈{2,∞}Ll(ΞC ;M2(C))→L2(ΞC ;M2(C)) = O
(
c(λ0)(ln t)No
(λ20t)
No+1
)
.
Proof. The results stated in the Proposition are a consequence of those given in Propo-
sitions 3.4 and 3.5, the definition of m♯i(λ), and the analogues of Eqs. (2.46) in [11].
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Lemma 3.4 Let mΞ(λ) be the solution of the RH problem formulated in Lemma 3.3. Then
as t→+∞ and x→−∞ such that λ0>M , for arbitrary No∈Z≥1,
Q(x, t) =
∑
k=odd
±1,±3,...
No∑
p=|k|
p−|k|∑
q=0
exp{ i
2
(k+1)(4λ40t−ν(λ0) ln t)}u+k,p,q(λ0)(ln t)q
tp/2
+O
(
c(λ0)(ln t)No
(λ20t)
(No+1)/2
)
,
where, for k=±1,±3, . . ., |k|≤p≤No, and q>p−|k|, u+k,p,q(λ0)≡0.
Proof. From Eq. (9) and Lemma 3.3, one shows that, as t→ +∞ and x→−∞ such
that λ0 >M , for arbitrary No ∈ Z≥1, Q(x, t) = −i([σ3,
∫
Ξ((Id
Ξ−CwΞ(ξ;λ0))−1I)(w−Ξ (ξ)+
w+Ξ (ξ))
dξ
2πi ])12+O(c(λ0)(λ20t)−l), l ∈ Z≥1 and arbitrary. Since (from the proof of Proposi-
tion 3.5) w−Ξ (λ)=0, it follows from (the analogue of) Theorem 2.1 that µ
Ξ(λ;λ0) :=(Id
Ξ−
CwΞ(λ;λ0))
−1I =mΞ−(λ); hence, from (the analogue of) Theorem 2.1, namely, µΞ(λ;λ0) :=
µ̂Ξ(λ) = mΞ+(λ)(I+w
+
Ξ (λ))
−1 = mΞ+(λ)(vΞ+(λ))−1, and Cauchy’s theorem, one shows that
Q(x, t) = −2i(∫Ξ µ̂Ξ(ξ)w+Ξ (ξ) dξ2πi )12 + O(c(λ0)(λ20t)−l) = −2i(∫Ξ µ̂Ξ(ξ)(vΞ+(ξ)− I) dξ2πi )12 +
O(c(λ0)(λ20t)−l) = −2i(
∫
Ξ(m
Ξ
+(ξ)− µ̂Ξ(ξ)) dξ2πi )12 + O(c(λ0)(λ20t)−l) = (
∫
Ξ µ
Ξ(ξ;λ0)
dξ
π )12 +
O(c(λ0)(λ20t)−l). Now, using the expression for µΞ(λ;λ0) given in Proposition 3.5, and the
corresponding error estimation for EΞ(λ;λ0), one shows that, for l≥ (No+1)/2, Q(x, t) =∑No
j=1(
∫
Ξ(
∑
X∈{B,A,C}XΞ(ξ;λ0))j
dξ
π )12+O(c(λ0)(ln t)No(λ20t)−(No+1)/2): the result now fol-
lows from Propositions 3.4 and 3.5, and the definition of m♯i(λ).
Proposition 3.7 For α = ±1,±3, . . ., β ≥ |α|, and 0 ≤ γ′ ≤ β−|α|, set u+α,β(λ0; t) :=
u+α,β :=
∑β−|α|
γ′=0 u
+
α,β,γ′(λ0)(ln t)
γ′ , and, for γ′>β−|α|, u+α,β,γ′(λ0)≡0. The coefficients of the
asymptotic expansion for Q(x, t) given in Lemma 3.4 are determined by the following linear
system,
∑
k1 = odd±1,±3,...
∑
p1≥|k1|
ei{
(k1+1)τ
+
2 }(k1+1)
t(p1+2)/2
{2λ40tu+k1,p1 +
νu+
k1,p1
2 −
λ0ν′u+k1,p1 ln t
4 }
+
∑
k1 = odd±1,±3,...
∑
p1≥|k1|
ei{
(k1+1)τ
+
2
}
t(p1+2)/2
{itu˙+k1,p1 −
ip1u
+
k1,p1
2 −
iλ0u
+′
k1,p1
2 }
+
∑
k1 = odd±1,±3,...
∑
p1≥|k1|
ei{
(k1+1)τ
+
2 }i(k1+1)
t(p1+2)/2
{λ0u
+′
k1,p1
4 +
u+
k1,p1
4 −
ν′u+′
k1,p1
ln t
(8λ0)2t
− ν
′′u+
k1,p1
ln t
2(8λ0)2t
+
ν′u+
k1,p1
ln t
2(8)2λ30t
}
+
∑
k1 = odd±1,±3,...
∑
p1≥|k1|
ei{
(k1+1)τ
+
2
}(k1+1)2
t(p1+2)/2
{−λ40tu+k1,p1 +
λ0ν′u+k1,p1 ln t
8 −
(ν′)2u+
k1,p1
(ln t)2
(16λ0)2t
}
+
∑
k1 = odd±1,±3,...
∑
p1≥|k1|
ei{
(k1+1)τ
+
2 }
t(p1+2)/2
{ u
+′′
k1,p1
(8λ0)2t
− u
+′
k1,p1
(8)2λ30t
}
−
∑∑∑
︸ ︷︷ ︸
ki =odd±1,±3,...
1≤i≤3
∑∑∑
︸ ︷︷ ︸
pi≥|ki|
1≤i≤3
ei{
(k2+k3−k1+1)τ+
2
}(k1+1)λ20u
+
k1,p1
u+
k2,p2
u+
k3,p3
t(p1+p2+p3)/2
+
∑∑∑
︸ ︷︷ ︸
ki=odd±1,±3,...
1≤i≤3
∑∑∑
︸ ︷︷ ︸
pi≥|ki|
1≤i≤3
ei{
(k2+k3−k1+1)τ+
2
}(k1+1)ν′u+k1,p1u
+
k2,p2
u+
k3,p3
ln t
16λ0t(p1+p2+p3+2)/2
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+
∑∑∑∑∑
︸ ︷︷ ︸
ki=odd
±1,±3,...
1≤i≤5
∑∑∑∑∑
︸ ︷︷ ︸
pi≥|ki|
1≤i≤5
ei{
(k1−k2+k3−k4+k5+1)τ+
2
}u+
k1,p1
u+
k2,p2
u+
k3,p3
u+
k4,p4
u+
k5,p5
2t(p1+p2+p3+p4+p5)/2
−
∑∑∑
︸ ︷︷ ︸
ki =odd±1,±3,...
1≤i≤3
∑∑∑
︸ ︷︷ ︸
pi≥|ki|
1≤i≤3
ei{
(k2+k3−k1+1)τ+
2 }i(u+
k1,p1
)′u+
k2,p2
u+
k3,p3
8λ0t(p1+p2+p3+2)/2
= 0, (78)
where τ+ :=4λ40t−ν ln t, ν :=ν(λ0), f ′ :=∂λ0f(λ0; t)|t=fixed, and f˙ :=∂tf(λ0; t)|λ0 =fixed.
Proof. Substituting the asymptotic expansion for Q(x, t) given in Lemma 3.4 into
Eq. (2), one obtains, after differentiation, the result stated in the Proposition.
Corollary 3.2 To O(t−7/2), the explicit recurrence formulae for the coefficients of the
asymptotic expansion for Q(x, t) given in Lemma 3.4 are given in the Appendix.
Proof. Follows from Proposition 3.7, system (78), upon equating coefficients of powers
of like terms on both left- and right-hand sides.
Now, recalling from Proposition 3.7 that, for α=±1,±3, . . ., β≥|α|, and 0≤γ′≤β−|α|,
u+α,β :=
∑β−|α|
γ′=0 u
+
α,β,γ′(λ0)(ln t)
γ′ , and, for γ′>β−|α|, u+α,β,γ′(λ0)≡ 0, by substituting these
expressions into Eqs. (A.1)–(A.30) given in the Appendix, one deduces, after an onerous—
but otherwise straightforward—analysis that, in order to solve the resulting recurrence
relations for u+α,β,γ′(λ0), explicit, a priori knowledge of u
+
1,1,0(λ0) and u
+
−1,p,q(λ0), p ≥ 1,
0≤ q ≤ p−1, is necessary: the expression for u+1,1,0(λ0) is given in Theorem 2.2, Eq. (14).
Hence, there remains the problem of determining u+−1,p,q(λ0), p≥1, 0≤q≤p−1: up to p=6,
this is the programme of study of the following section.
4 Explicit Representation of u+−1,p,q(λ0), 1≤p≤6, 0≤q≤p−1
In this section, the RH factorisation problem for mςC(x, t;λ) :=m
ς
C(λ), which is associated
with the first-order stationary phase point at the origin, is solved asymptotically as t→
+∞ and x → −∞ such that λ0 > M and (x, t) ∈ R2 \Ωn, for those γn ∈ (π2 ,π), up to
O(c(λ0)(ln t)2t−7/2): from this asymptotic expansion for mςC(λ) and the resulting expression
for 2i lim λ→∞
λ∈C\ςC
(λmςC(λ))12, explicit (integral) representations for u
+
−1,p,q(λ0), 1 ≤ p ≤ 6,
0≤q≤p−1, are deduced.
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Figure 5:
Lemma 4.1 ([2, 10]) Set ςC :=∪4k=1ς(k)C (Fig. 5). As t→+∞ and x→−∞ such that λ0>M
and (x, t) ∈R2 \ Ωn, for those γn ∈ (π2 ,π), there exists a unique function mςC(λ):C \ ςC→
SL(2,C) which solves the following RH problem:
(1) mςC(λ) is piecewise holomorphic ∀λ∈C\ςC ;
(2) mςC(λ) satisfies the following jump conditions,
mςC+(λ) = m
ς
C −(λ)v
ς
C(λ), λ ∈ ςC ,
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where
vςC(λ)|∪2
k=1
ς
(k)
C
= I +RC(λ)P+(λ)(δ+(λ;λ0))2e−2itρ(λ;λ0)σ+,
vςC(λ)|∪4
k=3
ς
(k)
C
= I + (RC(λ))∗(P+(λ))−1(δ+(λ;λ0))−2e2itρ(λ;λ0)σ−,
δ+(λ;λ0) = exp
{∫ λ0
0
ξ ln(1−|r(ξ)|2)
(ξ2−λ2)
dξ
πi−
∫∞
0
ξ ln(1+|r(iξ)|2)
(ξ2+λ2)
dξ
πi
}
:= e(I1+I2)(λ;λ0),
P+(λ) :=
∏N
l=n+1
(
(λ−λl)(λ+λl)
(λ−λl)(λ+λl)
)2
, ρ(λ;λ0)= 2λ
2(λ2−2λ20), (RC(λ))∗ denotes the same
function as RC(λ) except with the complex conjugated coefficients, RC(−λ)=−RC(λ),
RC(λ) is a piecewise-rational function which decays like O(λ−(k+7)), k ∈ Z≥1, as
λ→∞, λ∈ ςC\{0}, and has, for λ∈(∪2l=1ς(l)C )∩{λ′; |λ′|<ε}, where ε is an arbitrarily
fixed, sufficiently small positive real number, the following Taylor series expansion
about λ=0,
RC(λ)P+(λ) := R′+(0)λ+ 13!R′′′+(0)λ3 + 15!RV+(0)λ5 +O(λ7),
with
R′+(0) = r′+(0)− b+1 ,
1
3!R
′′′
+(0) = (r
′
+(0)a
+
1 +
1
3!r
′′′
+(0))− ( 13!b+2 − b+1 c+1 ),
1
5!R
V
+(0) = r
′
+(0)(a
+
2 + (a
+
1 )
2)− b+1 ((c+1 )2 − c+2 )
+ 13!r
′′′
+(0)a
+
1 +
1
3!b
+
2 c
+
1 +
1
5!r
V
+(0)− 15!b+3 ,
where
r′+(0) := r′(0)s+, b
+
1 := r
′(i0)s+, a+1 := |r′(0)|2,
1
3!r
′′′
+(0) := (
1
2!r
′(0)(−8i)∑+ sin γl∆2
l
+ 13!r
′′′(0))s+,
c+1 := |r′(i0)|2, 13!b+2 := ( 12!r′(i0)(8i)
∑
+
sinγl
∆2
l
+ 13!r
′′′(i0))s+,
a+2 :=
1
3!(r
′(0)r′′′(0) + r′(0)r′′′(0)),
c+2 :=
1
3!(r
′(i0)r′′′(i0) + r′(i0)r′′′(i0)),
1
5!r
V
+(0) :=
1
4!r
′(0)(−192(∑+ sinγl∆2
l
)2 + 48i
∑
+
sin 2γl
∆4
l
)s+
+ ( 12!3!r
′′′(0)(−8i)∑+ sinγl∆2
l
+ 15!r
V (0))s+,
1
5!b
+
3 :=
1
4!r
′(i0)(−192(∑+ sin γl∆2
l
)2 + 48i
∑
+
sin 2γl
∆4
l
)s+
+ ( 12!3!r
′′′(i0)(8i)
∑
+
sinγl
∆2
l
+ 15!r
V (i0))s+,
and
r′(0) := (dr(λ)dλ |λ∈R)|λ=0, r′(i0) := (
dr(λ)
dλ |λ∈iR)|λ=0,
r′′′(0) := (d
3r(λ)
dλ3 |λ∈R)|λ=0, r′′′(i0) := (
d3r(λ)
dλ3 |λ∈iR)|λ=0,
rV (0) := (d
5r(λ)
dλ5 |λ∈R)|λ=0, rV (i0) := (
d5r(λ)
dλ5 |λ∈iR)|λ=0,
with s+ :=exp{4i∑+ γl}, and ∑+ :=∑Nl=n+1;
(3) as λ→∞, λ∈C\ςC ,
mςC(λ) = I +O(λ−1).
Moreover, mςC(λ) satisfies the following symmetry reductions, m
ς
C(λ) = σ3m
ς
C(−λ)σ3 and
mςC(λ)=σ1m
ς
C(λ)σ1.
Proposition 4.1 For λ ∈ (∪2l=1ς(l)C ) ∩ {λ′; |λ′|< ε}, where ε is an arbitrarily fixed, suffi-
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ciently small positive real number,
(I1+I2)(λ;λ0)= iφ+(λ0)+Ê1λ
2 ln|λ|+E˜1λ2+Ê2λ4 ln|λ|+E˜2λ4+E(λ;λ0),
where
φ+(λ0) := −
∫ λ0
0
ln(1−|r(ξ)|2)
ξ
dξ
π +
∫∞
0
ln(1+|r(iξ)|2)
ξ
dξ
π ,
Ê1 := − 12πi( limλ→0[Dλ ln(1−|r(λ)|
2)] + lim
λ→0
[Dλ ln(1+|r(iλ)|2)]),
E˜1 :=
1
2πi(2)( limλ→0
[Dλ ln(1−|r(λ)|2)]+ lim
λ→0
[Dλ ln(1+|r(iλ)|2)])−
∫∞
λ0
ln(1−|r(ξ)|2)
ξ3
dξ
πi ,
Ê2 := − 12πi(2)2 ( limλ→0[D
2
λ ln(1−|r(λ)|2)]− limλ→0[D
2
λ ln(1+|r(iλ)|2)]),
E˜2 :=
(3/2)
2πi(2)3 ( limλ→0
[D2λ ln(1−|r(λ)|2)]− lim
λ→0
[D2λ ln(1+|r(iλ)|2)])−
∫∞
λ0
ln(1−|r(ξ)|2)
ξ5
dξ
πi ,
Dlλ := (
1
λ
d
dλ )
l, l ∈ Z≥1, lim
λ→0
[Dλ ln(1− |r(λ)|2)] = −2a+1 , lim
λ→0
[Dλ ln(1+ |r(iλ)|2)] = 2c+1 ,
lim
λ→0
[D2λ ln(1−|r(λ)|2)]=−8(12 (a+1 )2+a+2 ), limλ→0[D
2
λ ln(1+|r(iλ)|2)]=−8(12 (c+1 )2−c+2 ), and
E(λ;λ0) :=
∑
l∈Z≥3
(Êl ln|λ|+E˜l)λ2l,
with
Êl =
2−2l+2
2πi (K̂
0
l limλ→0
[Dlλ ln(1−|r(λ)|2)] + K̂1l limλ→0[D
l
λ ln(1+|r(iλ)|2)]),
E˜l=
2−2l+1
2πi (K˜
0
l limλ→0
[Dlλ ln(1−|r(λ)|2)]+K˜1l limλ→0[D
l
λ ln(1+|r(iλ)|2)])−
∫∞
λ0
ln(1−|r(ξ)|2)
ξ2l+1
dξ
πi ,
where, for l∈Z≥3, K̂0l , K̂1l , K˜0l , and K˜1l ∈R\{0}.
Proof. Using the fact that r(λ)∈S(Γ̂;C) and ||r||L∞(Γ̂;C)< 1, the results stated in the
Proposition follow from the definition of (I1+I2)(λ;λ0) (and the expression for δ
+(λ;λ0))
given in Lemma 4.1 via an integration by parts argument and the expansion ln(1−x) =
−∑
l∈Z≥1x
l/l, |x|<1.
Proposition 4.2 Set λ= w√
t
. Then,
vςC(
w√
t
)|√
t∪2
l=1
ς
(l)
C
= I +RC( w√t)P+( w√t)e
2(I1+I2)(
w√
t
;λ0)e
−2itρ( w√
t
;λ0)σ+,
vςC(
w√
t
)|√
t∪4
l=3
ς
(l)
C
= I + (RC( w√t))∗(P+( w√t))−1e
−2(I1+I2)( w√
t
;λ0)e
2itρ( w√
t
;λ0)σ−,
where
RC( w√t)P+(
w√
t
)e
2(I1+I2)(
w√
t
;λ0)e
−2itρ( w√
t
;λ0) :=
2∑
p=0
p∑
q=0
J αp,q(w;λ0)(ln t)q
tp+1/2
+O
(Fα(w;λ0) exp{8iλ20w2}(ln t)3
t7/2
)
,
(RC( w√t))∗(P+( w√t))−1e
−2(I1+I2)( w√
t
;λ0)e
2itρ( w√
t
;λ0) :=
2∑
p=0
p∑
q=0
J βp,q(w;λ0)(ln t)q
tp+1/2
+O
(
Fβ(w;λ0) exp{−8iλ20w2}(ln t)3
t7/2
)
,
with
J α0,0(w;λ0)=wR′+(0)e2iφ+(λ0)e8iλ
2
0w
2
,
J α1,0(w;λ0)=VC1,0(w;λ0)wR′+(0)e8iλ
2
0w
2−4iw5R′+(0)e2iφ+(λ0)e8iλ
2
0w
2
+w3 13!R
′′′
+(0)e
2iφ+(λ0)e8iλ
2
0w
2
,
J α1,1(w;λ0)=VC1,1(w;λ0)wR′+(0)e8iλ
2
0w
2
,
J α2,0(w;λ0)=VC2,0(w;λ0)wR′+(0)e8iλ
2
0w
2−4iw5VC1,0(w;λ0)R′+(0)e8iλ
2
0w
2
22
− 8w9R′+(0)e2iφ+(λ0)e8iλ
2
0w
2
+VC1,0(w;λ0)w3 13!R′′′+(0)e8iλ
2
0w
2
− 4iw7 13!R′′′+(0)e2iφ+(λ0)e8iλ
2
0w
2
+w5 15!R
V
+(0)e
2iφ+(λ0)e8iλ
2
0w
2
,
J α2,1(w;λ0)=VC2,1(w;λ0)wR′+(0)e8iλ
2
0w
2−4iw5VC1,1(w;λ0)R′+(0)e8iλ
2
0w
2
+VC1,1(w;λ0)w3 13!R′′′+(0)e8iλ
2
0w
2
,
J α2,2(w;λ0)=VC2,2(w;λ0)wR′+(0)e8iλ
2
0w
2
,
VC1,0(w;λ0) :=2(Ê1w2 ln|w|+E˜1w2)e2iφ+(λ0),
VC1,1(w;λ0) :=−Ê1w2e2iφ+(λ0),
VC2,0(w;λ0) :=2((Ê1w2 ln|w|+E˜1w2)2+Ê2w4 ln|w|+E˜2w4)e2iφ+(λ0),
VC2,1(w;λ0) :=(−2Ê1w2(Ê1w2 ln|w|+E˜1w2)−Ê2w4)e2iφ+(λ0),
VC2,2(w;λ0) := 12 (Ê1)2w4e2iφ+(λ0),
and
J β0,0(w;λ0)=wR′+(0)e−2iφ+(λ0)e−8iλ
2
0w
2
,
J β1,0(w;λ0)=WC1,0(w;λ0)wR′+(0)e−8iλ
2
0w
2
+4iw5R′+(0)e−2iφ+(λ0)e−8iλ
2
0w
2
+w3 13!R
′′′
+(0)e
−2iφ+(λ0)e−8iλ20w2 ,
J β1,1(w;λ0)=WC1,1(w;λ0)wR′+(0)e−8iλ
2
0w
2
,
J β2,0(w;λ0)=WC2,0(w;λ0)wR′+(0)e−8iλ
2
0w
2
+4iw5WC1,0(w;λ0)R′+(0)e−8iλ
2
0w
2
− 8w9R′+(0)e−2iφ+(λ0)e−8iλ
2
0w
2
+WC1,0(w;λ0)w3 13!R′′′+(0)e−8iλ
2
0w
2
+4iw7 13!R
′′′
+(0)e
−2iφ+(λ0)e−8iλ20w2+w5 15!R
V
+(0)e
−2iφ+(λ0)e−8iλ20w2 ,
J β2,1(w;λ0)=WC2,1(w;λ0)wR′+(0)e−8iλ
2
0w
2
+4iw5WC1,1(w;λ0)R′+(0)e−8iλ
2
0w
2
+WC1,1(w;λ0)w3 13!R′′′+(0)e−8iλ
2
0w
2
,
J β2,2(w;λ0)=WC2,2(w;λ0)wR′+(0)e−8iλ
2
0w
2
,
WC1,0(w;λ0) :=−2(Ê1w2 ln|w|+E˜1w2)e−2iφ+(λ0),
WC1,1(w;λ0) := Ê1w2e−2iφ+(λ0),
WC2,0(w;λ0) :=2((Ê1w2 ln|w|+E˜1w2)2−Ê2w4 ln|w|−E˜2w4)e−2iφ+(λ0),
WC2,1(w;λ0) :=(−2Ê1w2(Ê1w2 ln|w|+E˜1w2)+Ê2w4)e−2iφ+(λ0),
WC2,2(w;λ0) := 12(Ê1)2w4e−2iφ+(λ0),
where, for k∈{1, 2,∞},
||Fα(·;λ0) exp{8iλ20(·)2}||Lk(√t∪2
l=1
ς
(l)
C ;C)
= c(λ0),
||Fβ(·;λ0) exp{−8iλ20(·)2}||Lk(√t∪4
l=3
ς
(l)
C ;C)
= c(λ0).
Proof. Follows from the expressions for the jumps, vςC(λ)|ς(l)C ∪ς(l+1)C , l ∈ {1, 3}, given in
Lemma 4.1, Proposition 4.1, and the change-of-variable rule given in the Proposition upon
expanding in reciprocal powers of
√
t.
Proposition 4.3 The solution of the RH problem for mςC(λ):C \ ςC→SL(2,C) formulated
in Lemma 4.1 has the following integral representation,
mςC(λ) = I +
4∑
k=1
∫
√
t ς
(k)
C
µςC( w√
t
)(
∑
l∈{±}w˜
ς
(k)
C
l (
w√
t
))
(w − λ√t )
dw
2πi
, λ ∈ C \ ςC ,
23
where, for j∈{1, 2},
w˜
ς
(j)
C− (·) = w˜ς
(j+2)
C
+ (·) = 0,
w˜
ς
(j)
C
+ (
w√
t
)=RC(λ)P+(λ)e2(I1+I2)(λ;λ0)e−2itρ(λ;λ0)σ+
∣∣∣
λ= w√
t
,
w˜
ς
(j+2)
C− (
w√
t
)= (RC(λ))∗(P+(λ))−1e−2(I1+I2)(λ;λ0)e2itρ(λ;λ0)σ−
∣∣∣
λ= w√
t
,
and, for arbitrary No∈Z≥1,
µςC( w√
t
) = I +
2∑
p′=1
No∑
p=0
p∑
q=0
µp
′
p,q(w;λ0)(ln t)
q
tp+p′/2
+ E ςC ( w√
t
;λ0),
with
||µp′p,q(·;λ0)||∪l∈{2,∞}Ll(√t ςC\{0};M2(C))→L2(√t ςC\{0};M2(C)) <∞,
||E ςC (·;λ0)||∪l∈{2,∞}Ll(√t ςC\{0};M2(C))→L2(√t ςC\{0};M2(C)) = O
(
c(λ0)(ln t)No+1
(λ20t)
No+3/2
)
.
Proof. From the BC [14] formulation (the paragraph superseding Theorem 2.1), writing
the expressions for the jump matrices as vςC(λ)|ς(k)C :=(I−w˜
ς
(k)
C− (λ))−1(I+w˜
ς
(k)
C
+ (λ)), one obtains
the results for w˜
ς
(k)
C
l (
w√
t
), l ∈ {±}, k ∈ {1, 2, 3, 4}, stated in the Proposition upon compar-
ison with the expressions for the jump matrices given in Lemma 4.1 and the change-of-
variable rule λ→w/√t (6=0): the integral representation is now an immediate consequence
of Theorem 2.1. The asymptotic expansion for µςC( w√
t
) (resp. estimation for E ςC( w√
t
;λ0)) is a
consequence of (the analogue of) the asymptotic expansion (resp. estimation) for µC(w;λ0)
(resp. E˜Cµ(w;λ0)) given in Proposition 3.3 after a trivial change of variable.
Remark 4.1 Near the first-order stationary phase points sgn(k)λ0, k ∈ {B,A}, sgn(B) =
−sgn(A)=1, the analogues of the asymptotic expansions for µςk( w√
t
) are
µςk( w√
t
) = Dpc(w; sgn(k)λ0) exp
{
i
(∑
j∈Z≥0
∑
l∈Z≥0 a
(k)
j,l (λ0)w
j(lnw)l
)
σ3
}
×
(
I +
∑
p∈Z≥1
∑
0≤q≤p−1
µ
(k)
p,q(w;sgn(k)λ0)(ln t)
q
tp/2
)
,
for suitably chosen a
(k)
j,l (λ0), where Dpc(w; sgn(k)λ0) have explicit representations in terms
of parabolic-cylinder functions (see, for example, the proof of Lemma 4.1 in [10]).
Proposition 4.4 Let No ∈ Z≥1. Then for 1 ≤ p′ ≤ 2, 0 ≤ p ≤ No, and 0 ≤ q ≤ p,
µp
′
p,q(w;λ0) satisfy the following involutions, µ
p′
p,q(w;λ0)=σ3µ
p′
p,q(−w;λ0)σ3 and µp′p,q(w;λ0)=
σ1µ
p′
p,q(w;λ0)σ1.
Proof. From the integral representation for mςC(λ) given in Proposition 4.3, the follow-
ing symmetry reductions for mςC(λ), m
ς
C(λ) = σ3m
ς
C(−λ)σ3 and mςC(λ) = σ1mςC(λ)σ1, the
expressions for the jumps, vςC(λ)|ς(l)C ∪ς(l+1)C , l ∈ {1, 3}, given in Lemma 4.1, the fact that
δ+(±λ;λ0)=(δ+(λ;λ0))−1 (to deduce this, one takes the principal branch of the logarithmic
function, ln(λ−sgn(k)λ0) :=ln|λ−sgn(k)λ0|+iarg(λ−sgn(k)λ0), arg(λ−sgn(k)λ0)∈(−π,π),
k∈{B,A, C}, sgn(B)=−sgn(A)= 1 and sgn(C)= 0), and the properties of RC(λ) given in
Lemma 4.1, one shows that µςC( w√
t
)=σ3µ
ςC(− w√
t
)σ3 and µ
ςC( w√
t
)=σ1µςC(
w√
t
)σ1: the results
stated in the Proposition now follow from the above-derived involutions for µςC( w√
t
) and its
corresponding asymptotic expansion given in Proposition 4.3.
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Corollary 4.1 As λ→∞, λ∈C \ ςC, mςC(λ) has the following asymptotic expansion,
mςC(λ) = I +
∑
k∈Z≥1
(X+
2k
e11+X+2ke22)
λ2k
+
∑
l∈Z≥0
(X+
2l+1
σ++X+2l+1σ−)
λ2l+1
,
where X+p :=X+p (x, t;λ0), p∈Z≥0.
Proof. Consequence of the involutions mςC(λ)=σ3m
ς
C(−λ)σ3 and mςC(λ)=σ1mςC(λ)σ1.
Lemma 4.2 For 1≤p≤6 and 0≤q≤p−1, u+−1,p,q(λ0) are given by the following expressions,
u+−1,1,0(λ0)=0, u
+
−1,2,0(λ0)=−
iR′+(0)s
+
0
πλ202
3 , u
+
−1,2,1(λ0)=0,
u+−1,3,0(λ0)=−
iR′+(0)s
+
0
πλ202
3
∫∞
0 µ
a
11(
ξ1/2e
ipi
4
23/2λ0
;λ0)e
−ξdξ, u+−1,3,1(λ0)=u
+
−1,3,2(λ0)=0,
u+−1,4,0(λ0)=
Ê1R′+(0)s
+
0
πλ402
5 (
(1−γ)
2 − ln(23/2λ0)) +
E˜1R′+(0)s
+
0
πλ402
5 +
1
3!
R′′′+ (0)s
+
0
πλ402
6
+
R′+(0)s
+
0
πλ602
6 − iR
′
+(0)s
+
0
πλ202
3
∫∞
0 µ
b
11(
ξ1/2e
ipi
4
23/2λ0
;λ0)e
−ξdξ,
u+−1,4,1(λ0)=−
Ê1R′+(0)s
+
0
πλ402
6 , u
+
−1,4,2(λ0)=u
+
−1,4,3(λ0)=0,
u+−1,5,0(λ0)=(−
Ê1R′+(0)s
+
0 ln(2
3/2λ0)
πλ402
5 +
E˜1R′+(0)s
+
0
πλ402
5 +
1
3!
R′′′+ (0)s
+
0
πλ402
6 )
∫∞
0 µ
a
11(
ξ1/2e
ipi
4
23/2λ0
;λ0)ξe
−ξdξ
+
Ê1R′+(0)s
+
0
πλ402
6
∫∞
0 µ
a
11(
ξ1/2e
ipi
4
23/2λ0
;λ0)ξe
−ξ lnξdξ+R
′
+(0)s
+
0
πλ602
7
∫∞
0 µ
a
11(
ξ1/2e
ipi
4
23/2λ0
;λ0)ξ
2e−ξdξ
− iR
′
+(0)s
+
0
πλ202
3
∫∞
0 µ
c
11(
ξ1/2e
ipi
4
23/2λ0
;λ0)e
−ξdξ,
u+−1,5,1(λ0)=−
Ê1R′+(0)s
+
0
πλ402
6
∫∞
0 µ
a
11(
ξ1/2e
ipi
4
23/2λ0
;λ0)ξe
−ξdξ− iR
′
+(0)s
+
0
πλ202
3
∫∞
0 µ
d
11(
ξ1/2e
ipi
4
23/2λ0
;λ0)e
−ξdξ,
u+−1,5,2(λ0)=u
+
−1,5,3(λ0)=u
+
−1,5,4(λ0)=0,
u+−1,6,0(λ0)=
iR′+(0)(Ê1)
2s+0
πλ602
7 (
(3/2−γ)2+ζ(2,3)
22 −(32−γ) ln(23/2λ0)+(ln(23/2λ0))2)
+
iR′+(0)s
+
0 (2Ê1E˜1+Ê2)
πλ602
7 (
3/2−γ
2 −ln(23/2λ0))+
iR′+(0)s
+
0 ((E˜1)
2+E˜2)
πλ602
7
+
3iR′+(0)s
+
0
πλ100 2
9 +
3i 1
3!
R′′′+ (0)s
+
0
πλ802
9 +
3iR′+(0)Ê1s
+
0 (11/6−γ)
πλ802
9
+
3iR′+(0)E˜1s
+
0
πλ802
8 − 3iR
′
+(0)Ê1s
+
0 ln(2
3/2λ0)
πλ802
8 +
i 1
3!
R′′′+ (0)s
+
0 Ê1
πλ602
7 (
3/2−γ
2 −ln(23/2λ0))
+
i 1
3!
R′′′+ (0)E˜1s
+
0
πλ602
7 +
i 1
5!
RV+(0)s
+
0
πλ602
8 − iR
′
+(0)s
+
0
πλ202
3
∫∞
0 µ
e
11(
ξ1/2e
ipi
4
23/2λ0
;λ0)e
−ξdξ
+
R′+(0)Ê1s
+
0
πλ402
6
∫∞
0 µ
b
11(
ξ1/2e
ipi
4
23/2λ0
;λ0)ξe
−ξ lnξdξ−R
′
+(0)Ê1s
+
0 ln(2
3/2λ0)
πλ402
5
∫∞
0 µ
b
11(
ξ1/2e
ipi
4
23/2λ0
;λ0)ξe
−ξdξ
+
R′+(0)E˜1s
+
0
πλ402
5
∫∞
0 µ
b
11(
ξ1/2e
ipi
4
23/2λ0
;λ0)ξe
−ξdξ+R
′
+(0)s
+
0
πλ602
7
∫∞
0 µ
b
11(
ξ1/2e
ipi
4
23/2λ0
;λ0)ξ
2e−ξdξ
+
1
3!
R′′′+ (0)s
+
0
πλ402
6
∫∞
0 µ
b
11(
ξ1/2e
ipi
4
23/2λ0
;λ0)ξe
−ξdξ,
u+−1,6,1(λ0)=−
3iR′+(0)Ê1s
+
0
πλ802
9 − iR
′
+(0)(Ê1)
2s+0
πλ602
7 (
3/2−γ
2 −ln(23/2λ0))−
iR′+(0)Ê1E˜1s
+
0
πλ602
7
− iR
′
+(0)Ê2s
+
0
πλ602
8 − i
1
3!
R′′′+ (0)Ê1s
+
0
πλ602
8 − iR
′
+(0)s
+
0
πλ202
3
∫∞
0 µ
f
11(
ξ1/2e
ipi
4
23/2λ0
;λ0)e
−ξdξ
− R
′
+(0)Ê1s
+
0
πλ402
6
∫∞
0 µ
b
11(
ξ1/2e
ipi
4
23/2λ0
;λ0)ξe
−ξdξ,
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u+−1,6,2(λ0)=
iR′+(0)(Ê1)
2s+0
πλ602
9 , u
+
−1,6,3(λ0)=u
+
−1,6,4(λ0)=u
+
−1,6,5(λ0)=0,
where s+0 :=exp{2iφ+(λ0)}, R′+(0), 13!R′′′+(0), and 15!RV+(0) are given in Lemma 4.1, φ+(λ0),
Ê1, E˜1, Ê2, and E˜2 are given in Proposition 4.1, γ = 0.57721566490 is Euler’s constant,
ζ(2, 3):=
∑
k∈Z≥0(3+k)
−2=π2/6−5/4, µa11(·;λ0) :=(µ10,0(·;λ0))11, µb11(·;λ0) :=(µ20,0(·;λ0))11,
µc11(·;λ0) :=(µ11,0(·;λ0))11, µd11(·;λ0) :=(µ11,1(·;λ0))11, µe11(·;λ0) :=(µ21,0(·;λ0))11, and µf11(·;λ0)
:=(µ21,1(·;λ0))11, where (µαβ,γ′(·;λ0))ij denotes the (i j)th element of µαβ,γ′(·;λ0).
Proof. From the integral representation for mςC(λ) and the expressions for w˜
ς
(k)
C
l (·), l ∈{±}, k ∈ {1, 2, 3, 4}, given in Proposition 4.3, one derives the following relations for the
elements of mςC(λ):
(mςC(λ))11 = 1 +
∫√t 0−
ε
√
t e
3pii
4
[(µςC (ξ))12(RC(ξ))∗(P+(ξ))−1e−2(I1+I2)(ξ;λ0)e2itρ(ξ;λ0)]|ξ=w/√t
(w−λ√t )
dw
2πi
+
∫√t 0+
ε
√
t e−
ipi
4
[(µςC (ξ))12(RC(ξ))∗(P+(ξ))−1e−2(I1+I2)(ξ;λ0)e2itρ(ξ;λ0)]|ξ=w/√t
(w−λ√t )
dw
2πi ,
(mςC(λ))12 =
∫ ε√t e ipi4√
t 0+
[(µςC (ξ))11RC(ξ)P+(ξ)e2(I1+I2)(ξ;λ0)e−2itρ(ξ;λ0)]|ξ=w/√t
(w−λ√t )
dw
2πi
+
∫ ε√t e−3pii4√
t 0−
[(µςC (ξ))11RC(ξ)P+(ξ)e2(I1+I2)(ξ;λ0)e−2itρ(ξ;λ0)]|ξ=w/√t
(w−λ√t )
dw
2πi ,
(mςC(λ))21 =
∫√t 0−
ε
√
t e
3pii
4
[(µςC (ξ))22(RC(ξ))∗(P+(ξ))−1e−2(I1+I2)(ξ;λ0)e2itρ(ξ;λ0)]|ξ=w/√t
(w−λ√t )
dw
2πi
+
∫√t 0+
ε
√
t e−
ipi
4
[(µςC (ξ))22(RC(ξ))∗(P+(ξ))−1e−2(I1+I2)(ξ;λ0)e2itρ(ξ;λ0)]|ξ=w/√t
(w−λ√t )
dw
2πi ,
(mςC(λ))22 = 1 +
∫ ε√t e ipi4√
t 0+
[(µςC (ξ))21RC(ξ)P+(ξ)e2(I1+I2)(ξ;λ0)e−2itρ(ξ;λ0)]|ξ=w/√t
(w−λ√t )
dw
2πi
+
∫ ε√t e− 3pii4√
t 0−
[(µςC (ξ))21RC(ξ)P+(ξ)e2(I1+I2)(ξ;λ0)e−2itρ(ξ;λ0)]|ξ=w/√t
(w−λ√t )
dw
2πi .
Since the linear contribution to the asymptotic expansion of Q(x, t) (as t → +∞ and
x → −∞ such that λ0 > M and (x, t) ∈ R2 \ Ωn, for those γn ∈ (π2 ,π)) from the first-
order stationary phase point at the origin is given by the limit 2i lim λ→∞
λ∈C\ςC
(λmςC(λ))12,
the (1 2)-element of mςC(λ) is analysed explicitly hereafter. Substituting the asymptotic
expansion for RC(ξ)P+(ξ) exp{2(I1 + I2)(ξ;λ0)} exp{−2itρ(ξ;λ0)}|ξ= w√
t
given in Proposi-
tion 4.2 and the asymptotic expansion for µςC( w√
t
) given in Proposition 4.3 (with the
definitions of (µi
′
j,k(·;λ0))11 given in the Lemma) into the above integral representation
for (mςC(λ))12, expanding (w−λ
√
t )−1 into a geometric progression in reciprocal powers
of λ
√
t, changing variables of integration twice, letting the upper (resp. lower) limit of
integration of the resulting integrals tend to +∞ (resp. 0), using the following integrals
[21],
∫∞
0 x
ν1−1 exp{−µ1x} lnx dx = µ−ν11 Γ(ν1)(ψ(ν1)− ln(µ1)) (ℜ(µ1) > 0, ℜ(ν1) > 0) and∫∞
0 x
ν2−1 exp{−µ2x}(lnx)2dx=µ−ν22 Γ(ν2)((ψ(ν2)−ln(µ2))2+ζ(2, ν2)) (ℜ(µ2)>0, ℜ(ν2)>0),
where Γ(·) is the gamma function [21], ψ(·) is the psi function (ψ(z) := d ln Γ(z)dz ) [21], and
ζ(z, q) :=
∑
k∈Z≥0(q+k)
−z (ℜ(z)>1, q 6∈Z\N) is Riemann’s zeta function [21], the following
relation for the psi function [21], ψ(z+1)=ψ(z)+1z , the fact that γ=−ψ(1) [21], where γ is
Euler’s constant given in the Lemma, the well-known series result
∑
p∈Z≥1p
−2=π2/6, and
the involutive properties of µp
′
p,q(·;λ0) given in Proposition 4.4, after integration and sim-
plification, and using the fact that 2i lim λ→∞
λ∈C\ςC
(λmςC(λ))12 =
∑6
p=1
∑p−1
q=0
u+−1,p,q(λ0)(ln t)
q
tp/2
+
O(KςC(λ0)(ln t)2t−7/2), one obtains the results for u+−1,p,q(λ0), 1≤p≤6, 0≤q≤p−1, stated in
26
the Lemma upon equating coefficients of like powers of (ln t)qt−p/2 on both sides of the above
relation, where KςC(λ0) :=
iR′+(0)(Ê1)
2s+0
πλ602
10
∫∞
0 µ
a
11(
ξ1/2e
ipi
4
23/2λ0
;λ0)ξ
2e−ξdξ− R
′
+(0)Ê1s
+
0
πλ402
6
∫∞
0 µ
d
11(
ξ1/2e
ipi
4
23/2λ0
;λ0)ξe
−ξdξ− iR
′
+(0)s
+
0
πλ202
3
∫∞
0 µ
i
11(
ξ1/2e
ipi
4
23/2λ0
;λ0)e
−ξdξ, with µi11(·;λ0) :=(µ12,2(·;λ0))11. Now, continu-
ing the above-mentioned procedure to higher orders in λ−1, one verifies that, as λ→∞, λ∈
C \ςC , (mςC(λ))12 satisfies—precisely—the asymptotic expansion condition stated in Corol-
lary 4.1; furthermore, using the asymptotic expansion for (RC(ξ))∗(P+(ξ))−1 exp{−2(I1+
I2)(ξ;λ0)} exp{2itρ(ξ;λ0)}|ξ= w√
t
given in Proposition 4.2 and proceeding analogously as
above, one shows, using the involutive properties of µp
′
p,q(·;λ0) given in Proposition 4.4,
that the remaining elements of mςC(λ), namely, (m
ς
C(λ))11, (m
ς
C(λ))21 and (m
ς
C(λ))22, sat-
isfy, as λ→∞, λ∈C \ ςC , the asymptotic expansion conditions stated in Corollary 4.1: one
also verifies that mςC(λ) as constructed above satisfies the following symmetry reductions,
mςC(λ)=σ3m
ς
C(−λ)σ3 and mςC(λ)=σ1mςC(λ)σ1.
Lemma 4.3 As t→+∞ and x→−∞ such that λ0 >M and (x, t) ∈R2 \ Ωn, for those
γn∈(π2 , π), Q(x, t) has the asymptotic expansion given in Theorem 2.2, Eqs. (10)–(27).
Proof. Recalling that, for k=±1,±3, . . ., p≥|k|, and 0≤q≤p−|k|, u+k,p :=
∑p−|k|
q=0 u
+
k,p,q(λ0)
· (ln t)q, and, for q > p−|k|, u+k,p ≡ 0, in accordance with the asymptotic expansion for
Q(x,t) given in Lemma 3.4, one must determine u+±1,1, u
+
±1,2, u
+
±1,3, u
+
±1,4, u
+
±3,3, and u
+
±3,4:
for this purpose, the recurrence relations for the coefficients of the asymptotic expansion
given in the Appendix are necessary. The explicit representation for u+−1,p, 1 ≤ p ≤ 4,
are already given in Lemma 4.2; therefore, it remains to determine the remaining coeffi-
cients listed above (throughout the proof, all explicit λ0 dependences are suppressed, except
where absolutely necessary). From Eqs. (A.1) and (A.2), one obtains trivial identities. From
Eq. (A.3), one shows that νu+1,1+itu˙
+
1,1−2λ20|u+1,1|2u+1,1=0: using the fact that u+1,1=u+1,1,0(λ0),
and recalling from Theorem 2.2, Eq. (14) that u+1,1,0 =
√
ν/(2λ20) exp{i(φ+(λ0)+Φ̂+(λ0)+
π/2)} :=
√
ν/(2λ20) exp{iϕ+}, one shows that u˙+1,1,0(λ0) = 0 and that the above equa-
tion is satisfied. Using the fact that u+−1,1 = u
+
−1,1,0(λ0) = 0 (Lemma 4.2), one notes
that Eq. (A.4) is satisfied identically. Noting that u+±3,3 = u
+
±3,3,0(λ0), Eqs. (A.5) and
(A.6) show that u+±3,3,0(λ0) = 0. From Eq. (A.7), one shows that −νu+1,2+itu˙+1,2− i2u+1,2−
u+1,2ν exp{2iϕ+} = 0: substituting u+1,2 =
∑1
q=0u
+
1,2,q(λ0)(ln t)
q into this equation, one de-
duces that −νu+1,2,0(λ0)+iu+1,2,1(λ0)−i2u+1,2,0(λ0)−u+1,2,0(λ0)ν exp{2iϕ+}=0 and −νu+1,2,1(λ0)−
i
2u
+
1,2,1(λ0)−u+1,2,1(λ0)ν exp{2iϕ+}=0. Defining, now, u+1,2,1(λ0) :=u+,r1,2,1(λ0)+iu+,i1,2,1(λ0), one
shows from the above equation for u+1,2,1(λ0) that M˜(λ0)(u+,r1,2,1(λ0),u+,i1,2,1(λ0))T = (0, 0)T,
where M˜(λ0) :=
(
−ν(1+cos 2ϕ+) (12−ν sin 2ϕ+)
−(12+ν sin 2ϕ+) −ν(1−cos 2ϕ+)
)
, and T denotes transposition on the
fiber bundle C2; however, since M˜(λ0) is non-degenerate (det(M˜(λ0)) = 14), from a well-
known result in linear algebra, one gets the trivial solution, namely, u+,r1,2,1(λ0)=u
+,i
1,2,1(λ0)=
0. Defining u+1,2,0(λ0) :=u
+,r
1,2,0(λ0)+iu
+,i
1,2,0(λ0), and reasoning similarly as above, one shows
that u+,r1,2,0(λ0) = u
+,i
1,2,0(λ0) = 0; hence, u
+
1,2 = 0. Using the expressions for u
+
−1,2,0(λ0) and
u+−1,2,1(λ0) given in Lemma 4.2 and recalling that u
+
−1,2=
∑1
q=0u
+
−1,2,q(λ0)(ln t)q, one shows
that Eq. (A.8) is satisfied identically. Using the fact that u+±3,4 =
∑1
q=0u
+
±3,4,q(λ0)(ln t)
q,
one shows, using Eqs. (A.9) and (A.10), that u+±3,4 = 0. Noting from the above discus-
sion that u+−1,1 = u
+
1,2 = u
+
±3,3 = 0, and substituting u
+
1,3 =
∑2
q=0u
+
1,3,q(λ0)(ln t)
q into
Eq. (A.11), one obtains three linear inhomogeneous algebraic equations for the determi-
nation of u+1,3,q(λ0), 0≤q≤2: proceeding as above for the determination of u+1,2, one solves,
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via Cramer’s rule, these linear inhomogeneous algebraic equations for u+1,3,q(λ0) and derives
the results stated in Theorem 2.2, Eqs. (22)–(27). Recalling that u+−1,1 = u
+
1,2 = u
+
3,3 = 0,
one simplifies Eq. (A.12) to itu˙+−1,3− 3i2 u+−1,3− iλ02 (u+−1,3)′−2νu+−1,3 = 0. Using the repre-
sentation u+−1,3 =
∑2
q=0u
+
−1,3,q(λ0)(ln t)q, and the expressions for u
+
−1,3,q(λ0), 0 ≤ q ≤ 2,
given in Lemma 4.2, namely, u+−1,3,2(λ0)=u
+
−1,3,1(λ0)=0 and u
+
−1,3,0(λ0)=−
iR′+(0)s
+
0 I(λ0)
πλ202
3 ,
with R′+(0) given in Lemma 4.1, s
+
0 := exp{2iφ+(λ0)}, φ+(λ0) := −
∫ λ0
0
ln(1−|r(ξ)|2)
ξ
dξ
π +∫∞
0
ln(1+|r(iξ)|2)
ξ
dξ
π , and I(λ0) :=
∫∞
0 µ
a
11(
ξ1/2e
ipi
4
23/2λ0
;λ0)e
−ξdξ, one reduces this (characteristic-
like) equation to −3i2 u+−1,3,0(λ0)− iλ02
∂u+−1,3,0(λ0)
∂λ0
−2νu+−1,3,0(λ0) = 0, which, upon recalling
the above expression for u+−1,3,0(λ0), is an integro-differential equation for µ
a
11(·;λ0): sub-
stituting the expression for u+−1,3,0(λ0) into the latter equation and recalling the definition
of ν, namely, ν :=− 12π ln(1−|r(λ0)|2), one shows that I(λ0) satisfies the following ODE,
∂I(λ0)
∂λ0
+ I(λ0)λ0 =0; hence, I(λ0)=
K+1
λ0
, for some bounded, λ0-independent constant K+1 ∈C.
Therefore, modulo the determination of K+1 , u+−1,3,0(λ0) =−
iR′+(0)s
+
0 K+1
πλ302
3 . From Eq. (A.13),
the representation u+3,5=
∑2
q=0u
+
3,5,q(λ0)(ln t)
q, and the results obtained above for the pre-
ceding coefficients, one shows that u+3,5,0(λ0) = u
+
3,5,1(λ0) = u
+
3,5,2(λ0) = 0; hence, u
+
3,5 = 0.
From Eq. (A.14), the representation u+−3,5 =
∑2
q=0u
+
−3,5,q(λ0)(ln t)q, and the results ob-
tained above for the preceding coefficients, one shows that u+−3,5,2(λ0) = u
+
−3,5,1(λ0) = 0,
and u+−3,5,0(λ0) = −
u+1,1,0(λ0)(u
+
−1,2,0(λ0))
2
4λ20
, with u+1,1,0(λ0) given earlier in the proof, and
u+−1,2,0(λ0) given in Lemma 4.2. From Eqs. (A.15) and (A.16), and the representations
u+±5,5=
∑0
q=0u
+
±5,5,q(λ0)(ln t)
q, one shows that u+±5,5,0=0; hence, u
+
±5,5=0. From Eq. (A.17)
and the representation u+1,4=
∑3
q=0u
+
1,4,q(λ0)(ln t)
q, one obtains four linear homogeneous al-
gebraic equations for the determination of u+1,4,q(λ0), 0≤q≤3: decomposing u+1,4,q(λ0) into
real and imaginary parts, u+1,4,q(λ0) :=u
+,r
1,4,q(λ0)+iu
+,i
1,4,q(λ0), and noting that the coefficient
matrices for the resulting linear homogeneous systems are non-singular, from a well-known
result in linear algebra, one deduces that all these systems have the trivial solution, i.e.,
u+1,4,q(λ0) = 0, 0 ≤ q ≤ 3; hence, u+1,4 = 0. Substituting u+−1,4 =
∑3
q=0u
+
−1,4,q(λ0)(ln t)
q into
Eq. (A.18), using the expressions for u+−1,4,q(λ0), 0≤q≤3, given in Lemma 4.2, and equat-
ing coefficients of powers of like terms of (ln t)l, 0 ≤ l ≤ 2, on both sides of the resulting
equations, one shows that the equations resulting from the (ln t)2 and ln t parts are satisfied
identically, and that the constant (O(1)) part gives rise to an integro-differential equation
for µb11(·;λ0), which can be simplified to an integral equation of the first kind for µb11(·;λ0)
of the following form,
∫∞
0 µ
b
11(
ξ1/2e
ipi
4
23/2λ0
;λ0)e
−ξdξ = Ĝ(λ0), where Ĝ(λ0) is not written down
here since it will not actually be needed (the details of the analysis of this integral equation
for µb11(·;λ0) will be presented elsewhere: see, also, Remark 4.2 below): this completes the
proof.
Remark 4.2 In the proof of Lemma 4.3 above, there appears a bounded, λ0-independent
complex-valued constant denoted as K+1 . The determination of K+1 requires the solution of
the following integral equation of the first kind for µa11(·;λ0),
∫∞
0 µ
a
11(
ξ1/2e
ipi
4
23/2λ0
;λ0)e
−ξdξ =
K+1 /λ0, under the following conditions imposed on µa11(·;λ0): (1) µa11(z;λ0) is an even
function with respect to z, i.e., µa11(−z;λ0) = µa11(z;λ0); and (2) µa11(z;λ0) ∈ L2(R≥0;C),
i.e., ||µa11(·;λ0)||L2(R≥0;C) < ∞. In fact, one notes that, for λ0 > M and K
+
1 bounded,
||µa11( (·)e
ipi
4
23/2λ0
;λ0)||Lk(R≥0;C) < ∞, k ∈ {1, 2,∞}. Changing the variable of integration ac-
cording to the rule ξ1/2/λ0 →
√
τ , setting s = λ20 (with ℜ(s) = ℜ(λ20) > 0), and defining
28
(K+1 )−1µa11(
√
τe
ipi
4
23/2
;
√
s ) :=g(τ ;
√
s ), one also shows that g(τ ;
√
s ) satisfies the following inte-
gral equation,
∫∞
0 g(τ ;
√
s )e−sτdτ=s−3/2, with the standard Laplace transform-type kernel,
e−sτ . Actually, one can show that, for any f(z) for which
∫∞
0 |f(ξ)|2dξ := ||f(·)||2L2(R≥0;C)<
∞ and ∫∞0 f(ξ)e−ξdξ := A(f) < ∞, µa11(z;λ0) := K+1 f(8iλ20z2)λ0A(f) solves the integral equation∫∞
0 µ
a
11(
ξ1/2e
ipi
4
23/2λ0
;λ0)e
−ξdξ = K+1 /λ0, and satisfies conditions (1) and (2) stated above. The
explicit determination of K+1 is rather involved and somewhat circuitous, and the details of
this calculation will be presented elsewhere.
5 Asymptotic Evaluation of ((Ψ−1(x, t; 0))11)2 as t→+∞
In this section, the phase integral, ((Ψ−1(x, t; 0))11)2, which appears in the gauge transfor-
mation (Eq. (3) and Proposition 2.3), and is also equal to ((m−1(x, t; 0))11)2 (Lemma 2.1),
is evaluated as t→+∞ (x/t∼O(1)) and (x, t)∈R2 \ Ωn, for those γn∈(π2 ,π).
Proposition 5.1 ([2]) For Q(x, 0)∈S(R;C),
Ψ(x, t; 0)=m(x, t; 0)=exp{− iσ32
∫ x
∞ |Q(ξ, t)|2dξ}.
Proposition 5.2 ([2]) For Q(x, 0)∈S(R;C),
||Q(·, t)||2L2(R;C)=
2
π (
∫∞
0
ln(1+|r(iξ)|2)
ξ dξ−
∫∞
0
ln(1−|r(ξ)|2)
ξ dξ).
Lemma 5.1 As t→+∞ and x→−∞ such that λ0 >M and (x, t) ∈R2 \ Ωn, for those
γn∈(π2 ,π),
((Ψ−1(x, t; 0))11)2=exp{i arg q+(x, t)}+O
(
cS(λ0)(ln t)2
(λ20t)
3/2
)
,
where arg q+(x, t) is given in Theorem 2.3, Eqs. (46)–(51).
Proof. Since, from Eq. (3), Proposition 2.3, Lemma 2.1, Lemma 2.2 (Eq. (8)), and Propo-
sition 5.1, q(x, t)=Q(x, t)((Ψ−1(x, t;0))11)2=Q(x, t)((m−1(x, t;0))11)2=Q(x, t) exp{i
∫ x
∞|Q
(ξ, t)|2dξ}, and Q(x, t) is already given in Theorem 2.2, Eqs. (10)–(27), it remains to evalu-
ate the integral
∫ x
∞|Q(ξ, t)|2dξ. Writing
∫ x
∞|Q(ξ, t)|2dξ=
∫−∞
∞ |Q(ξ, t)|2dξ+
∫ x
−∞|Q(ξ, t)|2dξ=
−||Q(·, t)||2L2(R;C)+
∫ x
−∞|Q(ξ, t)|2dξ, using the result for ||Q(·, t)||2L2(R;C) given in Propo-
sition 5.2, the asymptotic expansion for Q(x, t) given in Theorem 2.2, Eqs. (10)–(27), the
following inequalities, |exp{(·)}− 1| ≤ |(·)| sups∈[0,1] |exp{s(·)}| and 0 < ν(λ0) ≤ νmax :=
− 12π ln(1−supλ∈R |r(λ)|2)<∞, and the fact that r(λ)∈S(Γ̂;C), one obtains, after onerous
algebraic manipulations, the result stated in the Lemma.
Lemma 5.2 As t→+∞ and x→−∞ such that λ0 >M and (x, t) ∈R2 \ Ωn, for those
γn∈(π2 ,π), q(x, t) has the asymptotic expansion given in Theorem 2.3, Eqs. (45)–(51).
Proof. Consequence of Proposition 2.3, Lemma 4.3, and Lemma 5.1.
Lemma 5.3 As t→ +∞ and x→ +∞ such that λ̂0 :=
√
1
2(
x
t − 1s ) >M , xt > 1s , s ∈R>0,
and (x, t) ∈ R2 \ Ω˜n, for those γn ∈ (π2 ,π), u(x, t) has the asymptotic expansion given in
Theorem 2.4, Eqs. (56)–(66).
Proof. Consequence of Proposition 2.4 and Lemma 5.2.
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6 Asymptotics as t→−∞
In this section, the asymptotic paradigm presented in Secs. 3–5 is succinctly presented
for the case when t→−∞: since the proofs of all obtained results are analogous (to the
t→+∞ case), they will be omitted. This short section is divided into three parts: (1) in
Subsection 6.1, the model RH problem is formulated for the case when t→−∞ and x→+∞
such that λ0 :=
1
2
√
−xt > M and (x, t) ∈ R2 \ Ωn (for those γn ∈ (π2 ,π)), the asymptotic
expansion for Q(x, t) is given, and the necessity associated with the a priori determination
of a certain subset of the coefficients of the asymptotic expansion for Q(x, t) is stated; (2) in
Subsection 6.2, the model RH problem associated with the determination of the subset of
the asymptotic series expansion coefficients for Q(x, t) mentioned in (1) above is formulated,
and solved asymptotically to O((−t)−7/2) as t→−∞; and (3) in Subsection 6.3, the phase
integral, ((Ψ−1(x, t; 0))11)2, is evaluated asymptotically as t→−∞. Once again, all explicit
x, t dependences are suppressed, except where absolutely necessary.
6.1 Model RH Problem and Asymptotic Expansion of Q(x, t) as t→−∞
•• •
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Figure 6:
Lemma 6.1.1 ([2, 10]) Set ς̂ := ∪l∈{B,A,C}ς̂l (Fig. 6). As t → −∞ and x → +∞ such
that λ0 > M and (x, t) ∈ R2 \ Ωn, for those γn ∈ (π2 ,π), there exists a unique function
m̂ς̂(λ):C \ ς̂→SL(2,C) which solves the following RH problem:
(1) m̂ς̂(λ) is piecewise holomorphic ∀λ∈C\ς̂;
(2) m̂ς̂(λ) satisfies the following jump conditions,
m̂ς̂+(λ) = m̂
ς̂
−(λ)v̂ς̂(λ), λ ∈ ς̂ ,
where
v̂ς̂(λ)|
ς̂
(1)
j ∪ς̂
(2)
j
= I + R̂(1,2)j (λ;λ0)P−(λ)(δ−(λ;λ0))2e−2itρ(λ;λ0)σ+,
v̂ς̂(λ)|
ς̂
(3)
j ∪ς̂
(4)
j
= I + R̂(3,4)j (λ;λ0)(P−(λ))−1(δ−(λ;λ0))−2e2itρ(λ;λ0)σ−,
v̂ς̂(λ)|
ς̂
(1)
C ∪ς̂
(2)
C
= I + R̂(1,2)C (λ;λ0)(P−(λ))−1(δ−(λ;λ0))−2e2itρ(λ;λ0)σ−,
v̂ς̂(λ)|
ς̂
(3)
C ∪ς̂
(4)
C
= I + R̂(3,4)C (λ;λ0)P−(λ)(δ−(λ;λ0))2e−2itρ(λ;λ0)σ+,
j∈{B,A}, P−(λ) :=∏n−1l=1 ((λ−λl)(λ+λl)(λ−λl)(λ+λl)
)2
, ρ(λ;λ0)=2λ
2(λ2−2λ20), {0,±λ0}={λ′; ∂λρ
(λ;λ0)|λ=λ′=0} are the first-order stationary phase points,
δ−(λ;λ0) = exp
{∫∞
λ0
ln(1−|r(ξ)|2)
(ξ−λ)
dξ
2πi +
∫ −∞
−λ0
ln(1−|r(ξ)|2)
(ξ−λ)
dξ
2πi
}
,
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and {R̂(l,l+1)B (λ;λ0), R̂(l,l+1)A (λ;λ0), R̂(l,l+1)C (λ;λ0)}l∈{1,3} are some rational functions
which decay to zero as λ→∞, λ∈ ς̂ \∪k∈{B,A,C}{sgn(k)λ0}, where sgn(B)=−sgn(A)=
1 and sgn(C)=0, and have, respectively, Taylor series expansions in {λ′; |λ′−sgn(k)λ0|
<ε} ∩ ς̂k, k∈{B,A, C}, where ε is an arbitrarily fixed, sufficiently small positive real
number;
(3) as λ→∞, λ∈C\ς̂,
m̂ς̂(λ) = I +O(λ−1).
Moreover, for arbitrary l′∈Z≥1,
Q(x, t) = 2i lim
λ→∞
λ∈C\ς̂
(λm̂ς̂(x, t;λ))12 +O
(
c(λ0)
(λ20t)
l′
)
,
with Q(x,0)∈S(R;C), satisfies Eq. (2), and m̂ς̂(λ) satisfies the following symmetry reduc-
tions, m̂ς̂(λ)=σ3m̂
ς̂(−λ)σ3 and m̂ς̂(λ)=σ1m̂ς̂(λ)σ1.
Analysing the signature graph of ℜ(itρ(λ;λ0)) as t→−∞ (x/t∼O(1)) and proceeding
analogously as in Sec. 3 (Higher Order Deift-Zhou Theory), one deduces the following.
Lemma 6.1.2 Let m̂ς̂(λ) be the solution of the RH problem formulated in Lemma 6.1.1
with the condition ||r||L∞(R;C)<1. Then, for arbitrary No∈Z≥1, as t→−∞ and x→+∞
such that λ0>M and (x, t)∈R2 \ Ωn, for those γn∈(π2 ,π),
Q(x, t) =
∑
k=odd
±1,±3,...
No∑
p=|k|
p−|k|∑
q=0
exp{ i
2
(k+1)(4λ40t+ν(λ0) ln |t|)}u−k,p,q(λ0)(ln |t|)q
(−t)p/2 +O
(
c(λ0)(ln |t|)No
(−λ20t)(No+1)/2
)
,
where, for k=±1,±3, . . ., |k|≤p≤No, and q>p−|k|, u−k,p,q(λ0)≡0.
Proposition 6.1.1 For α = ±1,±3, . . ., β ≥ |α|, and 0 ≤ γ′ ≤ β−|α|, set u−α,β(λ0; t) :=
u−α,β :=
∑β−|α|
γ′=0 u
−
α,β,γ′(λ0)(ln |t|)γ
′
, and, for γ′ > β−|α|, u−α,β,γ′(λ0)≡ 0. The coefficients of
the asymptotic expansion for Q(x, t) given in Lemma 6.1.2 are determined by the following
linear system,
∑
k1 = odd±1,±3,...
∑
p1≥|k1|
ei{
(k1+1)τ
−
2
}(k1+1)
(−t)(p1+2)/2 {−2λ40tu
−
k1,p1
+
νu−
k1,p1
2 −
λ0ν′u−k1,p1 ln |t|
4 }
+
∑
k1 = odd±1,±3,...
∑
p1≥|k1|
ei{
(k1+1)τ
−
2 }
(−t)(p1+2)/2 {−itu˙
−
k1,p1
+
ip1u
−
k1,p1
2 +
iλ0u
−′
k1,p1
2 }
− ∑
k1 = odd±1,±3,...
∑
p1≥|k1|
ei{
(k1+1)τ
−
2 }i(k1+1)
(−t)(p1+2)/2 {
λ0u
−′
k1,p1
4 +
u−
k1,p1
4 +
ν′u−′
k1,p1
ln |t|
(8λ0)2t
+
ν′′u−
k1,p1
ln |t|
2(8λ0)2t
− ν
′u−
k1,p1
ln |t|
2(8)2λ30t
}
+
∑
k1 = odd±1,±3,...
∑
p1≥|k1|
ei{
(k1+1)τ
−
2
}(k1+1)2
(−t)(p1+2)/2 {λ40tu
−
k1,p1
+
λ0ν′u−k1,p1 ln |t|
8 +
(ν′)2u−
k1,p1
(ln |t|)2
(16λ0)2t
}
+
∑
k1 = odd±1,±3,...
∑
p1≥|k1|
ei{
(k1+1)τ
−
2
}
(−t)(p1+2)/2 {−
u−′′
k1,p1
(8λ0)2t
+
u−′
k1,p1
(8)2λ30t
}
−
∑∑∑
︸ ︷︷ ︸
ki =odd±1,±3,...
1≤i≤3
∑∑∑
︸ ︷︷ ︸
pi≥|ki|
1≤i≤3
ei{
(k2+k3−k1+1)τ−
2
}(k1+1)λ20u
−
k1,p1
u−
k2,p2
u−
k3,p3
(−t)(p1+p2+p3)/2
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+
∑∑∑
︸ ︷︷ ︸
ki =odd
±1,±3,...
1≤i≤3
∑∑∑
︸ ︷︷ ︸
pi≥|ki|
1≤i≤3
ei{
(k2+k3−k1+1)τ−
2
}(k1+1)ν′u−k1,p1u
−
k2,p2
u−
k3,p3
ln |t|
16λ0(−t)(p1+p2+p3+2)/2
+
∑∑∑∑∑
︸ ︷︷ ︸
ki =odd±1,±3,...
1≤i≤5
∑∑∑∑∑
︸ ︷︷ ︸
pi≥|ki|
1≤i≤5
ei{
(k1−k2+k3−k4+k5+1)τ−
2 }u−
k1,p1
u−
k2,p2
u−
k3,p3
u−
k4,p4
u−
k5,p5
2(−t)(p1+p2+p3+p4+p5)/2
+
∑∑∑
︸ ︷︷ ︸
ki =odd±1,±3,...
1≤i≤3
∑∑∑
︸ ︷︷ ︸
pi≥|ki|
1≤i≤3
ei{
(k2+k3−k1+1)τ−
2
}i(u−
k1,p1
)′u−
k2,p2
u−
k3,p3
8λ0(−t)(p1+p2+p3+2)/2 = 0, (79)
where τ− :=4λ40t+ν ln |t|, ν :=ν(λ0), f ′ :=∂λ0f(λ0; t)|t=fixed, and f˙ :=∂tf(λ0; t)|λ0 =fixed.
Corollary 6.1.1 To O((−t)−7/2), the explicit recurrence formulae for the coefficients of
the asymptotic expansion for Q(x, t) given in Lemma 6.1.2 are given in the Appendix.
Now, analogously as at the end of Sec. 3, one notes that, in order to solve the recurrence
relations for u−α,β,γ′(λ0), explicit, a priori knowledge of u
−
1,1,0(λ0) and u
−
−1,p,q(λ0), p ≥ 1,
0 ≤ q ≤ p−1, is required: the expression for u−1,1,0(λ0) is given in Theorem 2.2, Eq. (14).
Hence, it remains to determine u−−1,p,q(λ0), p ≥ 1, 0 ≤ q ≤ p−1: up to p = 6, this is the
programme of the following subsection.
6.2 Explicit Representation of u−−1,p,q(λ0), 1≤p≤6, 0≤q≤p−1
The RH factorisation problem associated with the first-order stationary phase point at
the origin, denoted as m̂ς̂C(x, t;λ) := m̂
ς̂
C(λ), is solved asymptotically as t → −∞ up to
O((−t)−7/2): from this asymptotic expansion for m̂ς̂C(λ) and the resulting expression for
2i lim λ→∞
λ∈C\ς̂C
(λm̂ς̂C(λ))12, explicit (integral) representations for u
−
−1,p,q(λ0), 1≤p≤6, 0≤q≤
p−1, are deduced.
•
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Figure 7:
Lemma 6.2.1 ([2, 10]) Set ς̂C := ∪4k=1ς̂(k)C (Fig. 7). As t→−∞ and x→ +∞ such that
λ0>M and (x, t)∈R2 \Ωn, for those γn∈(π2 ,π), there exists a unique function m̂ς̂C(λ):C \
ς̂C→SL(2,C) which solves the following RH problem:
(1) m̂ς̂C(λ) is piecewise holomorphic ∀λ∈C\ς̂C ;
(2) m̂ς̂C(λ) satisfies the following jump conditions,
m̂ς̂C+(λ) = m̂
ς̂
C −(λ)v̂
ς̂
C(λ), λ ∈ ς̂C ,
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where
v̂ς̂C(λ)|∪2
k=1
ς̂
(k)
C
= I− (R̂C(λ))∗(P−(λ))−1(δ−(λ;λ0))−2e2itρ(λ;λ0)σ−,
v̂ς̂C(λ)|∪4
k=3
ς̂
(k)
C
= I− R̂C(λ)P−(λ)(δ−(λ;λ0))2e−2itρ(λ;λ0)σ+,
δ−(λ;λ0) = exp
{∫∞
λ0
ξ ln(1−|r(ξ)|2)
(ξ2−λ2)
dξ
πi
}
:= exp{(Iα+Iβ)(λ;λ0)},
P−(λ) :=
∏n−1
l=1
(
(λ−λl)(λ+λl)
(λ−λl)(λ+λl)
)2
, ρ(λ;λ0) = 2λ
2(λ2−2λ20), (R̂C(λ))∗ denotes the same
function as R̂C(λ) except with the complex conjugated coefficients, R̂C(−λ)=−R̂C(λ),
R̂C(λ) is a piecewise-rational function which decays like O(λ−(k+7)), k ∈ Z≥1, as
λ→∞, λ∈ ς̂C\{0}, and has, for λ∈(∪4l=3ς̂(l)C )∩{λ′; |λ′|<ε}, where ε is an arbitrarily
fixed, sufficiently small positive real number, the following Taylor series expansion
about λ=0,
−R̂C(λ)P−(λ) := R′−(0)λ+ 13!R′′′−(0)λ3 + 15!RV−(0)λ5 +O(λ7),
with
R′−(0) := r′(0)g(0) − r′(i0)ĝ(i0),
1
3!R
′′′−(0) :=
1
2!r
′(0)g′′(0) + 13!r
′′′(0)g(0) − 12!r′(i0)ĝ′′(i0)− 13!r′′′(i0)ĝ(i0),
1
5!R
V−(0) :=
1
4!r
′(0)gIV (0) + 12!3!r
′′′(0)g′′(0) + 15!r
V (0)g(0)
− 14!r′(i0)ĝIV (i0)− 12!3!r′′′(i0)ĝ′′(i0)− 15!rV (i0)ĝ(i0),
where
r′(0) := (dr(λ)dλ |λ∈R)|λ=0, r′(i0) := (
dr(λ)
dλ |λ∈iR)|λ=0,
r′′′(0) := (d
3r(λ)
dλ3 |λ∈R)|λ=0, r′′′(i0) := (
d3r(λ)
dλ3 |λ∈iR)|λ=0,
rV (0) := (d
5r(λ)
dλ5 |λ∈R)|λ=0, rV (i0) := (
d5r(λ)
dλ5 |λ∈iR)|λ=0,
and
g(0) = ĝ(i0) := s−, g′′(0) = −ĝ′′(i0) := −8is−
∑
−
sin γl
∆2
l
,
gIV (0) = ĝIV (i0) := −192s−(∑− sin γl∆2
l
)2+48is−
∑
−
sin 2γl
∆4
l
,
with s− :=exp{4i∑− γl}, and ∑− :=∑n−1l=1 ;
(3) as λ→∞, λ∈C\ς̂C ,
m̂ς̂C(λ) = I +O(λ−1).
Moreover, m̂ς̂C(λ) satisfies the following symmetry reductions, m̂
ς̂
C(λ) = σ3m̂
ς̂
C(−λ)σ3 and
m̂ς̂C(λ)=σ1m̂
ς̂
C(λ)σ1.
Proposition 6.2.1 The solution of the RH problem for m̂ς̂C(λ):C\ ς̂C→SL(2,C) formulated
in Lemma 6.2.1 has the following integral representation,
m̂ς̂C(λ) = I +
4∑
k=1
∫
√−t ς̂(k)C
µ̂ς̂C( w√−t)(
∑
l∈{±}ŵ
ς̂
(k)
C
l (
w√−t))
(w − λ√−t )
dw
2πi
, λ ∈ C \ ς̂C ,
where, for j∈{1, 2},
ŵ
ς̂
(j)
C
+ (·) = ŵς̂
(j+2)
C− (·) = 0,
ŵ
ς̂
(j)
C− (
w√−t)=− (R̂C(λ))∗(P−(λ))−1e−2(Iα+Iβ)(λ;λ0)e2itρ(λ;λ0)σ−
∣∣∣
λ= w√−t
,
33
ŵ
ς̂
(j+2)
C
+ (
w√−t)=− R̂C(λ)P−(λ)e2(Iα+Iβ)(λ;λ0)e−2itρ(λ;λ0)σ+
∣∣∣
λ= w√−t
,
with
− (R̂C(λ))∗(P−(λ))−1e−2(Iα+Iβ)(λ;λ0)e2itρ(λ;λ0)
∣∣∣
λ= w√−t
:=
2∑
p=0
Ĵ βp (w;λ0)
(−t)p+1/2
+O
(
F̂β(w;λ0) exp{8iλ20w2}
(−t)7/2
)
,
Ĵ β0 (w;λ0) :=wR′−(0)e−2iφ−(λ0)e8iλ
2
0w
2
,
Ĵ β1 (w;λ0) :=(−2w3R′−(0)a−0 −4iw5R′−(0)+ 13!R′′′−(0)w3)e−2iφ−(λ0)e8iλ
2
0w
2
,
Ĵ β2 (w;λ0) :=(−2w5R′−(0)b−0 +2w5R′−(0)(a−0 )2+8iw7R′−(0)a−0 −8w9R′−(0)
− 2a−0 w5 13!R′′′−(0)−4iw7 13!R′′′−(0)+ 15!RV−(0)w5)e−2iφ−(λ0)e8iλ
2
0w
2
,
||F̂β(·;λ0) exp{8iλ20(·)2}||Lk(√−t∪2
l=1
ς̂
(l)
C ;C)
= c(λ0), k ∈ {1, 2,∞},
− R̂C(λ)P−(λ)e2(Iα+Iβ)(λ;λ0)e−2itρ(λ;λ0)
∣∣∣
λ= w√−t
:=
2∑
p=0
Ĵ αp (w;λ0)
(−t)p+1/2
+O
(
F̂α(w;λ0) exp{−8iλ20w2}
(−t)7/2
)
,
Ĵ α0 (w;λ0) :=wR′−(0)e2iφ−(λ0)e−8iλ
2
0w
2
,
Ĵ α1 (w;λ0) :=(2w3R′−(0)a−0 +4iw5R′−(0)+ 13!R′′′−(0)w3)e2iφ−(λ0)e−8iλ
2
0w
2
,
Ĵ α2 (w;λ0) :=(2w5R′−(0)b−0 +2w5R′−(0)(a−0 )2+8iw7R′−(0)a−0 −8w9R′−(0)
+ 2a−0 w
5 1
3!R
′′′−(0)+4iw7
1
3!R
′′′−(0)+
1
5!R
V−(0)w5)e2iφ−(λ0)e−8iλ
2
0w
2
,
||F̂α(·;λ0) exp{−8iλ20(·)2}||Lk(√−t∪4
l=3
ς̂
(l)
C ;C)
= c(λ0), k ∈ {1, 2,∞},
φ−(λ0) := −
∫∞
λ0
ln(1−|r(ξ)|2)
ξ
dξ
π , a
−
0 :=
∫∞
λ0
ln(1−|r(ξ)|2)
ξ3
dξ
πi , b
−
0 :=
∫∞
λ0
ln(1−|r(ξ)|2)
ξ5
dξ
πi ,
and, for arbitrary No∈Z≥1,
µ̂ς̂C( w√−t) = I +
2∑
p′=1
No∑
p=0
µ̂p′,p(w;λ0)
(−t)p+p′/2 + Ê ς̂C (
w√−t ;λ0),
with
||µ̂p′,p(·;λ0)||∪l∈{2,∞}Ll(√−t ς̂C\{0};M2(C))→L2(√−t ς̂C\{0};M2(C)) <∞,
||Ê ς̂C (·;λ0)||∪l∈{2,∞}Ll(√−t ς̂C\{0};M2(C))→L2(√−t ς̂C\{0};M2(C)) = O
(
c(λ0)
(−λ20t)No+3/2
)
.
Proposition 6.2.2 Let No ∈Z≥1. Then for 1≤ p′≤ 2 and 0≤ p≤No, µ̂p′,p(w;λ0) satisfy
the following involutions, µ̂p′,p(w;λ0)=σ3µ̂p′,p(−w;λ0)σ3 and µ̂p′,p(w;λ0)=σ1µ̂p′,p(w;λ0)σ1.
Using the fact that the coefficients u−−1,p,q(λ0) := u
−
−1,p′(λ0), 1≤ p′≤ 6, are determined
by the relation 2i lim λ→∞
λ∈C\ς̂C
(λm̂ς̂C(λ))12 :=
∑6
p′=1
u−−1,p′(λ0)
(−t)p′/2 , and proceeding as in the proof
of Lemma 4.2, one obtains the following.
Lemma 6.2.2 As t→−∞ and x→+∞ such that λ0>M and (x, t)∈R2 \ Ωn, for those
γn∈(π2 ,π),
2i lim λ→∞
λ∈C\ς̂C
(λm̂ς̂C(λ))12 :=
6∑
p=1
p−1∑
q=0
u−−1,p,q(λ0)(ln |t|)q
(−t)p/2 +O(K̂ ς̂C(λ0)(−t)−7/2),
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where
u−−1,1,0(λ0)=0, u
−
−1,2,0(λ0)=
iR′−(0)s
−
0
πλ202
3 , u
−
−1,2,1(λ0)=0,
u−−1,3,0(λ0)=
iR′−(0)s
−
0
πλ202
3
∫∞
0 µ̂
a
11(
ξ1/2e−
ipi
4
23/2λ0
;λ0)e
−ξdξ, u−−1,3,1(λ0)=u
−
−1,3,2(λ0)=0,
u−−1,4,0(λ0)=
R′−(0)a
−
0 s
−
0
πλ402
5 +
1
3!
R′′′− (0)s
−
0
πλ402
6 +
R′−(0)s
−
0
πλ602
6 +
iR′−(0)s
−
0
πλ202
3
∫∞
0 µ̂
b
11(
ξ1/2e−
ipi
4
23/2λ0
;λ0)e
−ξdξ,
u−−1,4,1(λ0)=u
−
−1,4,2(λ0)=u
−
−1,4,3(λ0)=0,
u−−1,5,0(λ0)=
R′−(0)a
−
0 s
−
0
πλ402
5
∫∞
0 µ̂
a
11(
ξ1/2e−
ipi
4
23/2λ0
;λ0)ξe
−ξdξ+
1
3!
R′′′− (0)s
−
0
πλ402
6
∫∞
0 µ̂
a
11(
ξ1/2e−
ipi
4
23/2λ0
;λ0)ξe
−ξdξ
+
R′−(0)s
−
0
πλ602
7
∫∞
0 µ̂
a
11(
ξ1/2e−
ipi
4
23/2λ0
;λ0)ξ
2e−ξdξ+ iR
′
−(0)s
−
0
πλ202
3
∫∞
0 µ̂
c
11(
ξ1/2e−
ipi
4
23/2λ0
;λ0)e
−ξdξ,
u−−1,5,1(λ0)=u
−
−1,5,2(λ0)=u
−
−1,5,3(λ0)=u
−
−1,5,4(λ0)=0,
u−−1,6,0(λ0)=−
i(2R′−(0)b
−
0 +2R
′
−(0)(a
−
0 )
2+2a−0
1
3!
R′′′− (0)+
1
5!
RV−(0))s
−
0
πλ602
8 − 3iR
′
−(0)s
−
0
πλ100 2
9
− 3i(2R
′
−(0)a
−
0 +
1
3!
R′′′− (0))s
−
0
πλ802
9 +
(2R′−(0)a
−
0 +
1
3!
R′′′− (0))s
−
0
πλ402
6
∫∞
0 µ̂
b
11(
ξ1/2e−
ipi
4
23/2λ0
;λ0)ξe
−ξdξ
+
R′−(0)s
−
0
πλ602
7
∫∞
0 µ̂
b
11(
ξ1/2e−
ipi
4
23/2λ0
;λ0)ξ
2e−ξdξ+ iR
′
−(0)s
−
0
πλ202
3
∫∞
0 µ̂
d
11(
ξ1/2e−
ipi
4
23/2λ0
;λ0)e
−ξdξ,
u−−1,6,1(λ0)=u
−
−1,6,2(λ0)=u
−
−1,6,3(λ0)=u
−
−1,6,4(λ0)=u
−
−1,6,5(λ0)=0,
K̂ ς̂C(λ0) :=−
i(2R′−(0)b
−
0 +2R
′
−(0)(a
−
0 )
2+2a−0
1
3!
R′′′− (0)+
1
5!
RV−(0))s
−
0
πλ602
9
∫∞
0 µ̂
a
11(
ξ1/2e−
ipi
4
23/2λ0
;λ0)ξ
2e−ξdξ
− i(2R
′
−(0)a
−
0 +
1
3!
R′′′− (0))s
−
0
πλ802
10
∫∞
0 µ̂
a
11(
ξ1/2e−
ipi
4
23/2λ0
;λ0)ξ
3e−ξdξ+ iR
′
−(0)s
−
0
πλ202
3
∫∞
0 µ̂
e
11(
ξ1/2e−
ipi
4
23/2λ0
;λ0)e
−ξdξ
− iR
′
−(0)s
−
0
πλ100 2
12
∫∞
0 µ̂
a
11(
ξ1/2e−
ipi
4
23/2λ0
;λ0)ξ
4e−ξdξ+R
′
−(0)s
−
0
πλ602
7
∫∞
0 µ̂
c
11(
ξ1/2e−
ipi
4
23/2λ0
;λ0)ξ
2e−ξdξ
+
(2R′−(0)a
−
0 +
1
3!
R′′′− (0))s
−
0
πλ402
6
∫∞
0 µ̂
c
11(
ξ1/2e−
ipi
4
23/2λ0
;λ0)ξe
−ξdξ,
s−0 :=exp{2iφ−(λ0)}, R′−(0), 13!R′′′−(0), and 15!RV−(0) are given in Lemma 6.2.1, φ−(λ0), a−0 ,
and b−0 are given in Proposition 6.2.1, µ̂
a
11(·;λ0) :=(µ̂1,0(·;λ0))11, µ̂b11(·;λ0) :=(µ̂2,0(·;λ0))11,
µ̂c11(·;λ0) := (µ̂1,1(·;λ0))11, µ̂d11(·;λ0) := (µ̂2,1(·;λ0))11, and µ̂e11(·;λ0) := (µ̂1,2(·;λ0))11, where
(µ̂α,β(·;λ0))ij denotes the (i j)th element of µ̂α,β(·;λ0).
Finally, proceeding as in the proof of Lemma 4.3, one obtains the following.
Lemma 6.2.3 As t→−∞ and x→+∞ such that λ0>M and (x, t)∈R2 \ Ωn, for those
γn∈(π2 ,π), Q(x, t) has the asymptotic expansion given in Theorem 2.2, Eqs. (10)–(27).
6.3 Asymptotics of ((Ψ−1(x, t; 0))11)2 as t→−∞
Using Proposition 5.1, and proceeding as in (the proof of) Lemma 5.1, one obtains the
following.
Lemma 6.3.1 As t→−∞ and x→+∞ such that λ0>M and (x, t)∈R2 \ Ωn, for those
γn∈(π2 ,π),
((Ψ−1(x, t; 0))11)2=exp{i arg q−(x, t)}+O
(
cS(λ0)(ln |t|)2
(−λ20t)3/2
)
,
where arg q−(x, t) is given in Theorem 2.3, Eqs. (46)–(51).
Lemma 6.3.2 As t→−∞ and x→+∞ such that λ0>M and (x, t)∈R2 \ Ωn, for those
γn∈(π2 ,π), q(x, t) has the asymptotic expansion given in Theorem 2.3, Eqs. (45)–(51).
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Lemma 6.3.3 As t→−∞ and x→−∞ such that λ̂0 :=
√
1
2 (
x
t − 1s )>M , xt > 1s , s∈R>0,
and (x, t) ∈ R2 \ Ω˜n, for those γn ∈ (π2 ,π), u(x, t) has the asymptotic expansion given in
Theorem 2.4, Eqs. (56)–(66).
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Appendix
To O(t−7/2), the explicit recurrence formulae for the coefficients of the asymptotic expan-
sions for Q(x, t) given in Lemmae 3.4 and 6.1.2 are listed here (they are derived from
systems (78) and (79) upon equating coefficients of powers of like terms on both left-
and right-hand sides). With respect to the recurrence formulae given here, the following
must be borne in mind: (1) ν := ν(λ0); (2) τ
± := 4λ40t∓ν ln |t|; (3) u±α,β := u±α,β(λ0; t) :=∑β−|α|
γ′=0 u
±
α,β,γ′(λ0)(ln |t|)γ
′
; (4) f ′ := ∂λ0f(λ0; t)|t=fixed; (5) f˙ := ∂tf(λ0; t)|λ0 =fixed; and (6)
the upper/lower signs are taken as t→±∞.
(1) O((±t)−1/2 exp{iτ±}),
4λ40u
±
1,1 − 4λ40u±1,1 = 0; (A.1)
(2) O((±t)−1 exp{iτ±}),
4λ40u
±
1,2 − 4λ40u±1,2 = 0; (A.2)
(3) O((±t)−3/2 exp{iτ±}),
νu±1,1 −
λ0ν′u±1,1 ln |t|
2 + 4λ
4
0u
±
1,3 ± itu˙±1,1 +
iu±1,1
2 +
iλ0u
±′
1,1
2 −
iu±1,1
2
− iλ0u
±′
1,1
2 +
λ0ν′u±1,1 ln |t|
2 − 4λ40u±1,3 − 2λ20u±1,1u±1,1u±1,1 = 0; (A.3)
(4) O((±t)−3/2),
±itu˙±−1,1 ∓
iu±−1,1
2 ∓
iλ0u
±′
−1,1
2 − 2λ20u±1,1u±1,1u±−1,1 − 2λ20u±1,1u±−1,1u±1,1 = 0; (A.4)
(5) O((±t)−3/2 exp{2iτ±}),
8λ40u
±
3,3 − 16λ40u±3,3 = 0; (A.5)
(6) O((±t)−3/2 exp{−iτ±}),
−4λ40u±−3,3 − 4λ40u±−3,3 − 2λ20u±1,1u±−1,1u±−1,1 = 0; (A.6)
(7) O((±t)−2 exp{iτ±}),
νu±1,2 −
λ0ν′u±1,2 ln |t|
2 + 4λ
4
0u
±
1,4 ± itu˙±1,2 ∓ iu±1,2 ∓
iλ0u
±′
1,2
2 ±
iλ0u
±′
1,2
2 +
λ0ν′u±1,2 ln |t|
2
± iu
±
1,2
2 − 4λ40u±1,4 − 2λ20u±1,1u±1,1u±1,2 − 2λ20u±1,1u±1,2u±1,1 − 2λ20u±1,2u±1,1u±1,1 = 0; (A.7)
(8) O((±t)−2),
±itu˙±−1,2 ∓ iu±−1,2 ∓
iλ0u
±′
−1,2
2 − 2λ20u±1,1u±1,1u±−1,2 − 2λ20u±1,1u±−1,1u±1,2
−2λ20u±1,1u±1,2u±−1,1 − 2λ20u±1,1u±−1,2u±1,1 − 2λ20u±1,2u±1,1u±−1,1 − 2λ20u±1,2u±−1,1u±1,1 = 0; (A.8)
(9) O((±t)−2 exp{2iτ±}),
8λ40u
±
3,4 − 16λ40u±3,4 = 0; (A.9)
(10) O((±t)−2 exp{−iτ±}),
37
−4λ40u±−3,4 − 4λ40u±−3,4 − 2λ20u±1,1u±−1,1u±−1,2 − 2λ20u±1,1u±−1,2u±−1,1
−2λ20u±1,2u±−1,1u±−1,1 = 0; (A.10)
(11) O((±t)−5/2 exp{iτ±}),
νu±1,3 −
λ0ν′u±1,3 ln |t|
2 + 4λ
4
0u
±
1,5 ± itu˙±1,3 ∓
3iu±1,3
2 ∓
iλ0u
±′
1,3
2 ∓
iν′u±′1,1 ln |t|
32λ20
∓ iν
′′u±1,1 ln |t|
64λ20
± iν
′u±1,1 ln |t|
64λ30
± iλ0u
±′
1,3
2 ±
iu±1,3
2 −
(ν′)2u±1,1(ln |t|)2
64λ20
+
λ0ν′u±1,3 ln |t|
2 − 4λ40u±1,5
+
u±′′1,1
64λ20
− u
±′
1,1
64λ30
− 2λ20u±1,1u±1,1u±1,3 − 2λ20u±1,1u±−1,1u±3,3 − 2λ20u±1,1u±1,2u±1,2
−2λ20u±1,1u±1,3u±1,1 − 2λ20u±1,1u±3,3u±−1,1 − 2λ20u±1,2u±1,1u±1,2 − 2λ20u±1,2u±1,2u±1,1
−2λ20u±1,3u±1,1u±1,1 + 2λ20u±−3,3u±−1,1u±−1,1 +
ν′u±1,1u
±
1,1u
±
1,1 ln |t|
8λ0
∓ i(u
±
1,1)
′u±1,1u
±
1,1
8λ0
∓ i(u
±
−1,1)
′u±1,1u
±
−1,1
8λ0
∓ i(u
±
−1,1)
′u±−1,1u
±
1,1
8λ0
+
u±1,1u
±
1,1u
±
1,1u
±
1,1u
±
1,1
2 +
u±1,1u
±
1,1u
±
1,1u
±
−1,1u
±
−1,1
2
+
u±1,1u
±
1,1u
±
−1,1u
±
−1,1u
±
1,1
2 +
u±1,1u
±
−1,1u
±
1,1u
±
1,1u
±
−1,1
2 +
u±1,1u
±
−1,1u
±
−1,1u
±
1,1u
±
1,1
2
+
u±1,1u
±
−1,1u
±
−1,1u
±
−1,1u
±
−1,1
2 +
u±−1,1u
±
1,1u
±
1,1u
±
−1,1u
±
1,1
2 +
u±−1,1u
±
−1,1u
±
1,1u
±
1,1u
±
1,1
2
+
u±−1,1u
±
−1,1u
±
1,1u
±
−1,1u
±
−1,1
2 +
u±−1,1u
±
−1,1u
±
−1,1u
±
−1,1u
±
1,1
2 = 0; (A.11)
(12) O((±t)−5/2),
±itu˙±−1,3 ∓
3iu±−1,3
2 ∓
iλ0u
±′
−1,3
2 +
u±−1,1
64λ20
− u
±
−1,1
64λ30
− 2λ20u±1,1u±1,3u±−1,1 − 2λ20u±1,1u±1,2u±−1,2
−2λ20u±1,1u±−1,2u±1,2 − 2λ20u±1,1u±−1,3u±1,1 − 2λ20u±1,1u±1,1u±−1,3 − 2λ20u±1,1u±−1,1u±1,3
−2λ20u±1,2u±1,1u±−1,2 − 2λ20u±1,2u±−1,1u±1,2 − 2λ20u±1,2u±1,2u±−1,1 − 2λ20u±1,2u±−1,2u±1,1
−4λ20u±3,3u±1,1u±1,1 − 2λ20u±1,3u±−1,1u±1,1 − 2λ20u±1,3u±1,1u±−1,1 +
ν′u±1,1u
±
1,1u
±
−1,1 ln |t|
8λ0
+
ν′u±1,1u
±
−1,1u
±
1,1 ln |t|
8λ0
∓ i(u
±
1,1)
′u±1,1u
±
−1,1
8λ0
∓ i(u
±
1,1)
′u±−1,1u
±
1,1
8λ0
∓ i(u
±
−1,1)
′u±−1,1u
±
−1,1
8λ0
+
u±1,1u
±
1,1u
±
1,1u
±
1,1u
±
−1,1
2 +
u±1,1u
±
1,1u
±
−1,1u
±
1,1u
±
1,1
2 +
u±1,1u
±
1,1u
±
−1,1u
±
−1,1u
±
−1,1
2
+
u±1,1u
±
−1,1u
±
−1,1u
±
1,1u
±
−1,1
2 +
u±−1,1u
±
1,1u
±
1,1u
±
1,1u
±
1,1
2 +
u±−1,1u
±
1,1u
±
1,1u
±
−1,1u
±
−1,1
2
+
u±−1,1u
±
1,1u
±
−1,1u
±
−1,1u
±
1,1
2 +
u±−1,1u
±
−1,1u
±
1,1u
±
1,1u
±
−1,1
2 +
u±−1,1u
±
−1,1u
±
−1,1u
±
1,1u
±
1,1
2
+
u±−1,1u
±
−1,1u
±
−1,1u
±
−1,1u
±
−1,1
2 = 0; (A.12)
(13) O((±t)−5/2 exp{2iτ±}),
2νu±3,3 − λ0ν ′u±3,3 ln |t|+ 8λ40u±3,5 ± itu˙±3,3 ∓
3iu±3,3
2 ∓
iλ0u
±′
3,3
2
±iλ0u±′3,3 ± iu±3,3 + 2λ0ν ′u±3,3 ln |t| − 16λ40u±3,5 − 2λ20u±1,1u±1,1u±3,3
−2λ20u±1,1u±3,3u±1,1 + 2λ20u±−3,3u±−1,1u±1,1 + 2λ20u±−3,3u±1,1u±−1,1 ∓
i(u±−1,1)
′u±1,1u
±
1,1
8λ0
+
u±1,1u
±
1,1u
±
1,1u
±
−1,1u
±
1,1
2 +
u±1,1u
±
−1,1u
±
1,1u
±
1,1u
±
1,1
2 +
u±1,1u
±
−1,1u
±
1,1u
±
−1,1u
±
−1,1
2
+
u±1,1u
±
−1,1u
±
−1,1u
±
−1,1u
±
1,1
2 +
u±−1,1u
±
−1,1u
±
1,1u
±
−1,1u
±
1,1
2 = 0; (A.13)
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(14) O((±t)−5/2 exp{−iτ±}),
−νu±−3,3 +
λ0ν′u±−3,3 ln |t|
2 − 4λ40u±−3,5 ± itu˙±−3,3 ∓
3iu±−3,3
2 ∓
iλ0u
±′
−3,3
2 ∓
iλ0u
±′
−3,3
2 ∓
iu±−3,3
2
+
λ0ν′u±−3,3 ln |t|
2 − 4λ40u±−3,5 − 2λ20u±1,1u±1,1u±−3,3 − 2λ20u±1,1u±−1,1u±−1,3 − 2λ20u±1,1u±−1,2u±−1,2
−2λ20u±1,1u±−3,3u±1,1 − 2λ20u±1,1u±−1,3u±−1,1 − 2λ20u±1,2u±−1,1u±−1,2 − 2λ20u±1,2u±−1,2u±−1,1
−4λ20u±3,3u±−1,1u±1,1 − 4λ20u±3,3u±1,1u±−1,1 − 2λ20u±1,3u±−1,1u±−1,1
+
ν′u±1,1u
±
−1,1u
±
−1,1 ln |t|
8λ0
∓ i(u
±
1,1)
′u±−1,1u
±
−1,1
8λ0
+
u±1,1u
±
1,1u
±
−1,1u
±
1,1u
±
−1,1
2 +
u±−1,1u
±
1,1u
±
1,1u
±
1,1u
±
−1,1
2
+
u±−1,1u
±
1,1u
±
−1,1u
±
1,1u
±
1,1
2 +
u±−1,1u
±
1,1u
±
−1,1u
±
−1,1u
±
−1,1
2 +
u±−1,1u
±
−1,1u
±
−1,1u
±
1,1u
±
−1,1
2 = 0; (A.14)
(15) O((±t)−5/2 exp{3iτ±}),
12λ40u
±
5,5 − 36λ40u±5,5 + 2λ20u±−3,3u±1,1u±1,1 +
u±1,1u
±
−1,1u
±
1,1u
±
−1,1u
±
1,1
2 = 0; (A.15)
(16) O((±t)−5/2 exp{−2iτ±}),
−8λ40u±−5,5 − 16λ40u±−5,5 − 2λ20u±1,1u±−1,1u±−3,3 − 2λ20u±1,1u±−3,3u±−1,1
−4λ20u±3,3u±−1,1u±−1,1 +
u±−1,1u
±
1,1u
±
−1,1u
±
1,1u
±
−1,1
2 = 0; (A.16)
(17) O((±t)−3 exp{iτ±}),
νu±1,4 −
λ0ν′u±1,4 ln |t|
2 + 4λ
4
0u
±
1,6 ± itu˙±1,4 ∓ 2iu±1,4 ∓
iλ0u
±′
1,4
2 ∓
iν′u±′1,2 ln |t|
32λ20
∓ iν
′′u±1,2 ln |t|
64λ20
± iν
′u±1,2 ln |t|
64λ30
± iλ0u
±′
1,4
2 ±
iu±1,4
2 −
(ν′)2u±1,2(ln |t|)2
64λ20
+
λ0ν′u±1,4 ln |t|
2 − 4λ40u±1,6
+
u±′′1,2
64λ20
− u
±′
1,2
64λ30
− 2λ20u±1,1u±1,1u±1,4 − 2λ20u±1,1u±−1,1u±3,4 − 2λ20u±1,1u±1,2u±1,3
−2λ20u±1,1u±−1,2u±3,3 − 2λ20u±1,1u±1,3u±1,2 − 2λ20u±1,1u±3,3u±−1,2 − 2λ20u±1,1u±1,4u±1,1
−2λ20u±1,1u±3,4u±−1,1 − 2λ20u±1,2u±1,1u±1,3 − 2λ20u±1,2u±−1,1u±3,3 − 2λ20u±1,2u±1,2u±1,2
−2λ20u±1,2u±1,3u±1,1 − 2λ20u±1,2u±3,3u±−1,1 − 2λ20u±1,3u±1,1u±1,2 + 2λ20u±−3,3u±−1,1u±−1,2
−2λ20u±1,3u±1,2u±1,1 + 2λ20u±−3,3u±−1,2u±−1,1 − 2λ20u±1,4u±1,1u±1,1 + 2λ20u±−3,4u±−1,1u±−1,1
+
ν′u±1,1u
±
1,1u
±
1,2 ln |t|
8λ0
+
ν′u±1,1u
±
1,2u
±
1,1 ln |t|
8λ0
+
ν′u±1,2u
±
1,1u
±
1,1 ln |t|
8λ0
∓ i(u
±
1,1)
′u±1,1u
±
1,2
8λ0
∓ i(u
±
−1,1)
′u±1,1u
±
−1,2
8λ0
∓ i(u
±
−1,1)
′u±−1,1u
±
1,2
8λ0
∓ i(u
±
1,1)
′u±1,2u
±
1,1
8λ0
∓ i(u
±
−1,1)
′u±1,2u
±
−1,1
8λ0
∓ i(u
±
−1,1)
′u±−1,2u
±
1,1
8λ0
∓ i(u
±
1,2)
′u±1,1u
±
1,1
8λ0
∓ i(u
±
−1,2)
′u±1,1u
±
−1,1
8λ0
∓ i(u
±
−1,2)
′u±−1,1u
±
1,1
8λ0
+
u±1,1u
±
1,1u
±
1,1u
±
1,1u
±
1,2
2 +
u±1,1u
±
1,1u
±
1,1u
±
−1,1u
±
−1,2
2 +
u±1,1u
±
1,1u
±
−1,1u
±
−1,1u
±
1,2
2
+
u±1,1u
±
−1,1u
±
1,1u
±
1,1u
±
−1,2
2 +
u±1,1u
±
−1,1u
±
−1,1u
±
1,1u
±
1,2
2 +
u±1,1u
±
−1,1u
±
−1,1u
±
−1,1u
±
−1,2
2
+
u±−1,1u
±
1,1u
±
1,1u
±
−1,1u
±
1,2
2 +
u±−1,1u
±
−1,1u
±
1,1u
±
1,1u
±
1,2
2 +
u±−1,1u
±
−1,1u
±
1,1u
±
−1,1u
±
−1,2
2
+
u±−1,1u
±
−1,1u
±
−1,1u
±
−1,1u
±
1,2
2 +
u±1,1u
±
1,1u
±
1,1u
±
1,2u
±
1,1
2 +
u±1,1u
±
1,1u
±
1,1u
±
−1,2u
±
−1,1
2
+
u±1,1u
±
1,1u
±
−1,1u
±
−1,2u
±
1,1
2 +
u±1,1u
±
−1,1u
±
1,1u
±
1,2u
±
−1,1
2 +
u±1,1u
±
−1,1u
±
−1,1u
±
1,2u
±
1,1
2
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+
u±1,1u
±
−1,1u
±
−1,1u
±
−1,2u
±
−1,1
2 +
u±−1,1u
±
1,1u
±
1,1u
±
−1,2u
±
1,1
2 +
u±−1,1u
±
−1,1u
±
1,1u
±
1,2u
±
1,1
2
+
u±−1,1u
±
−1,1u
±
1,1u
±
−1,2u
±
−1,1
2 +
u±−1,1u
±
−1,1u
±
−1,1u
±
−1,2u
±
1,1
2 +
u±1,1u
±
1,1u
±
1,2u
±
1,1u
±
1,1
2
+
u±1,1u
±
1,1u
±
1,2u
±
−1,1u
±
−1,1
2 +
u±1,1u
±
1,1u
±
−1,2u
±
−1,1u
±
1,1
2 +
u±1,1u
±
−1,1u
±
1,2u
±
1,1u
±
−1,1
2
+
u±1,1u
±
−1,1u
±
−1,2u
±
1,1u
±
1,1
2 +
u±1,1u
±
−1,1u
±
−1,2u
±
−1,1u
±
−1,1
2 +
u±−1,1u
±
1,1u
±
1,2u
±
−1,1u
±
1,1
2
+
u±−1,1u
±
−1,1u
±
1,2u
±
1,1u
±
1,1
2 +
u±−1,1u
±
−1,1u
±
1,2u
±
−1,1u
±
−1,1
2 +
u±−1,1u
±
−1,1u
±
−1,2u
±
−1,1u
±
1,1
2
+
u±1,1u
±
1,2u
±
1,1u
±
1,1u
±
1,1
2 +
u±1,1u
±
1,2u
±
1,1u
±
−1,1u
±
−1,1
2 +
u±1,1u
±
1,2u
±
−1,1u
±
−1,1u
±
1,1
2
+
u±1,1u
±
−1,2u
±
1,1u
±
1,1u
±
−1,1
2 +
u±1,1u
±
−1,2u
±
−1,1u
±
1,1u
±
1,1
2 +
u±1,1u
±
−1,2u
±
−1,1u
±
−1,1u
±
−1,1
2
+
u±−1,1u
±
1,2u
±
1,1u
±
−1,1u
±
1,1
2 +
u±−1,1u
±
−1,2u
±
1,1u
±
1,1u
±
1,1
2 +
u±−1,1u
±
−1,2u
±
1,1u
±
−1,1u
±
−1,1
2
+
u±−1,1u
±
−1,2u
±
−1,1u
±
−1,1u
±
1,1
2 +
u±1,2u
±
1,1u
±
1,1u
±
1,1u
±
1,1
2 +
u±1,2u
±
1,1u
±
1,1u
±
−1,1u
±
−1,1
2
+
u±1,2u
±
1,1u
±
−1,1u
±
−1,1u
±
1,1
2 +
u±1,2u
±
−1,1u
±
1,1u
±
1,1u
±
−1,1
2 +
u±1,2u
±
−1,1u
±
−1,1u
±
1,1u
±
1,1
2
+
u±1,2u
±
−1,1u
±
−1,1u
±
−1,1u
±
−1,1
2 +
u±−1,2u
±
1,1u
±
1,1u
±
−1,1u
±
1,1
2 +
u±−1,2u
±
−1,1u
±
1,1u
±
1,1u
±
1,1
2
+
u±−1,2u
±
−1,1u
±
1,1u
±
−1,1u
±
−1,1
2 +
u±−1,2u
±
−1,1u
±
−1,1u
±
−1,1u
±
1,1
2 = 0; (A.17)
(18) O((±t)−3),
±itu˙±−1,4 ∓ 2iu±−1,4 ∓
iλ0u
±′
−1,4
2 +
u±′′−1,2
64λ20
− u
±′
−1,2
64λ30
− 2λ20u±1,1u±1,1u±−1,4 − 2λ20u±1,1u±−1,1u±1,4
−2λ20u±1,1u±1,2u±−1,3−2λ20u±1,1u±−1,2u±1,3−2λ20u±1,1u±−1,3u±1,2−2λ20u±1,1u±1,3u±−1,2+
ν′′|u+1,1|2 ln |t|
8λ0
−2λ20u±1,1u±−1,4u±1,1−2λ20u±1,1u±1,4u±−1,1−2λ20u±1,2u±1,1u±−1,3−2λ20u±1,2u±−1,1u±1,3+
ν′(|u+1,1|2)′ ln |t|
8
−2λ20u±1,2u±1,2u±−1,2 − 2λ20u±1,2u±−1,2u±1,2 − 2λ20u±1,2u±−1,3u±1,1 − 2λ20u±1,2u±1,3u±−1,1
−4λ20u±3,3u±1,1u±1,2 − 2λ20u±1,3u±−1,1u±1,2 − 2λ20u±1,3u±1,1u±−1,2 − 4λ20u±3,3u±1,2u±1,1
−2λ20u±1,3u±−1,2u±1,1 − 2λ20u±1,3u±1,2u±−1,1 − 4λ20u±3,4u±1,1u±1,1 − 2λ20u±1,4u±−1,1u±1,1
−2λ20u±1,4u±1,1u±−1,1 +
ν′u±1,1u
±
1,1u
±
−1,2 ln |t|
8λ0
+
ν′u±1,1u
±
−1,1u
±
1,2 ln |t|
8λ0
+
ν′u±1,1u
±
1,2u
±
−1,1 ln |t|
8λ0
+
ν′u±1,1u
±
−1,2u
±
1,1 ln |t|
8λ0
+
ν′u±1,2u
±
1,1u
±
−1,1 ln |t|
8λ0
+
ν′u±1,2u
±
−1,1u
±
1,1 ln |t|
8λ0
∓ i(u
±
1,1)
′u±1,1u
±
−1,2
8λ0
∓ i(u
±
1,1)
′u±−1,1u
±
1,2
8λ0
∓ i(u
±
−1,1)
′u±−1,1u
±
−1,2
8λ0
∓ i(u
±
1,1)
′u±1,2u
±
−1,1
8λ0
∓ i(u
±
1,1)
′u±−1,2u
±
1,1
8λ0
∓ i(u
±
−1,1)
′u±−1,2u
±
−1,1
8λ0
∓ i(u
±
1,2)
′u±1,1u
±
−1,1
8λ0
∓ i(u
±
1,2)
′u±−1,1u
±
1,1
8λ0
∓ i(u
±
−1,2)
′u±−1,1u
±
−1,1
8λ0
+
u±1,1u
±
1,1u
±
1,1u
±
1,1u
±
−1,2
2 +
u±1,1u
±
1,1u
±
−1,1u
±
1,1u
±
1,2
2 +
u±1,1u
±
1,1u
±
−1,1u
±
−1,1u
±
−1,2
2
+
u±1,1u
±
−1,1u
±
−1,1u
±
1,1u
±
−1,2
2 +
u±−1,1u
±
1,1u
±
1,1u
±
1,1u
±
1,2
2 +
u±−1,1u
±
1,1u
±
1,1u
±
−1,1u
±
−1,2
2
+
u±−1,1u
±
1,1u
±
−1,1u
±
−1,1u
±
1,2
2 +
u±−1,1u
±
−1,1u
±
1,1u
±
1,1u
±
−1,2
2 +
u±−1,1u
±
−1,1u
±
−1,1u
±
1,1u
±
1,2
2
+
u±−1,1u
±
−1,1u
±
−1,1u
±
−1,1u
±
−1,2
2 +
u±1,1u
±
1,1u
±
1,1u
±
1,2u
±
−1,1
2 +
u±1,1u
±
1,1u
±
−1,1u
±
1,2u
±
1,1
2
+
u±1,1u
±
1,1u
±
−1,1u
±
−1,2u
±
−1,1
2 +
u±1,1u
±
−1,1u
±
−1,1u
±
1,2u
±
−1,1
2 +
u±−1,1u
±
1,1u
±
1,1u
±
1,2u
±
1,1
2
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+
u±−1,1u
±
1,1u
±
1,1u
±
−1,2u
±
−1,1
2 +
u±−1,1u
±
1,1u
±
−1,1u
±
−1,2u
±
1,1
2 +
u±−1,1u
±
−1,1u
±
1,1u
±
1,2u
±
−1,1
2
+
u±−1,1u
±
−1,1u
±
−1,1u
±
1,2u
±
1,1
2 +
u±−1,1u
±
−1,1u
±
−1,1u
±
−1,2u
±
−1,1
2 +
u±1,1u
±
1,1u
±
1,2u
±
1,1u
±
−1,1
2
+
u±1,1u
±
1,1u
±
−1,2u
±
1,1u
±
1,1
2 +
u±1,1u
±
1,1u
±
−1,2u
±
−1,1u
±
−1,1
2 +
u±1,1u
±
−1,1u
±
−1,2u
±
1,1u
±
−1,1
2
+
u±−1,1u
±
1,1u
±
1,2u
±
1,1u
±
1,1
2 +
u±−1,1u
±
1,1u
±
1,2u
±
−1,1u
±
−1,1
2 +
u±−1,1u
±
1,1u
±
−1,2u
±
−1,1u
±
1,1
2
+
u±−1,1u
±
−1,1u
±
1,2u
±
1,1u
±
−1,1
2 +
u±−1,1u
±
−1,1u
±
−1,2u
±
1,1u
±
1,1
2 +
u±−1,1u
±
−1,1u
±
−1,2u
±
−1,1u
±
−1,1
2
+
u±1,1u
±
1,2u
±
1,1u
±
1,1u
±
−1,1
2 +
u±1,1u
±
1,2u
±
−1,1u
±
1,1u
±
1,1
2 +
u±1,1u
±
1,2u
±
−1,1u
±
−1,1u
±
−1,1
2
+
u±1,1u
±
−1,2u
±
−1,1u
±
1,1u
±
−1,1
2 +
u±−1,1u
±
1,2u
±
1,1u
±
1,1u
±
1,1
2 +
u±−1,1u
±
1,2u
±
1,1u
±
−1,1u
±
−1,1
2
+
u±−1,1u
±
1,2u
±
−1,1u
±
−1,1u
±
1,1
2 +
u±−1,1u
±
−1,2u
±
1,1u
±
1,1u
±
−1,1
2 +
u±−1,1u
±
−1,2u
±
−1,1u
±
1,1u
±
1,1
2
+
u±−1,1u
±
−1,2u
±
−1,1u
±
−1,1u
±
−1,1
2 +
u±1,2u
±
1,1u
±
1,1u
±
1,1u
±
−1,1
2 +
u±1,2u
±
1,1u
±
−1,1u
±
1,1u
±
1,1
2
+
u±1,2u
±
1,1u
±
−1,1u
±
−1,1u
±
−1,1
2 +
u±1,2u
±
−1,1u
±
−1,1u
±
1,1u
±
−1,1
2 +
u±−1,2u
±
1,1u
±
1,1u
±
1,1u
±
1,1
2
+
u±−1,2u
±
1,1u
±
1,1u
±
−1,1u
±
−1,1
2 +
u±−1,2u
±
1,1u
±
−1,1u
±
−1,1u
±
1,1
2 +
u±−1,2u
±
−1,1u
±
1,1u
±
1,1u
±
−1,1
2
+
u±−1,2u
±
−1,1u
±
−1,1u
±
1,1u
±
1,1
2 +
u±−1,2u
±
−1,1u
±
−1,1u
±
−1,1u
±
−1,1
2 = 0; (A.18)
(19) O((±t)−3 exp{2iτ±}),
2νu±3,4 − λ0ν ′u±3,4 ln |t|+ 8λ40u±3,6 ± itu˙±3,4 ∓ 2iu±3,4 ∓
iλ0u
±′
3,4
2
±iλ0u±′3,4 ± iu±3,4 + 2λ0ν ′u±3,4 ln |t| − 16λ40u±3,6 − 2λ20u±1,1u±1,1u±3,4
−2λ20u±1,1u±1,2u±3,3 − 2λ20u±1,1u±3,3u±1,2 − 2λ20u±1,1u±3,4u±1,1 − 2λ20u±1,2u±1,1u±3,3
−2λ20u±1,2u±3,3u±1,1 + 2λ20u±−3,3u±−1,1u±1,2 + 2λ20u±−3,3u±1,1u±−1,2 + 2λ20u±−3,3u±−1,2u±1,1
+2λ20u
±
−3,3u
±
1,2u
±
−1,1 + 2λ
2
0u
±
−3,4u
±
−1,1u
±
1,1 + 2λ
2
0u
±
−3,4u
±
1,1u
±
−1,1 ∓
i(u±−1,1)
′u±1,1u
±
1,2
8λ0
∓ i(u
±
−1,1)
′u±1,2u
±
1,1
8λ0
∓ i(u
±
−1,2)
′u±1,1u
±
1,1
8λ0
+
u±1,1u
±
1,1u
±
1,1u
±
−1,1u
±
1,2
2 +
u±1,1u
±
−1,1u
±
1,1u
±
1,1u
±
1,2
2
+
u±1,1u
±
−1,1u
±
1,1u
±
−1,1u
±
−1,2
2 +
u±1,1u
±
−1,1u
±
−1,1u
±
−1,1u
±
1,2
2 +
u±−1,1u
±
−1,1u
±
1,1u
±
−1,1u
±
1,2
2
+
u±1,1u
±
1,1u
±
1,1u
±
−1,2u
±
1,1
2 +
u±1,1u
±
−1,1u
±
1,1u
±
1,2u
±
1,1
2 +
u±1,1u
±
−1,1u
±
1,1u
±
−1,2u
±
−1,1
2
+
u±1,1u
±
−1,1u
±
−1,1u
±
−1,2u
±
1,1
2 +
u±−1,1u
±
−1,1u
±
1,1u
±
−1,2u
±
1,1
2 +
u±1,1u
±
1,1u
±
1,2u
±
−1,1u
±
1,1
2
+
u±1,1u
±
−1,1u
±
1,2u
±
1,1u
±
1,1
2 +
u±1,1u
±
−1,1u
±
1,2u
±
−1,1u
±
−1,1
2 +
u±1,1u
±
−1,1u
±
−1,2u
±
−1,1u
±
1,1
2
+
u±−1,1u
±
−1,1u
±
1,2u
±
−1,1u
±
1,1
2 +
u±1,1u
±
1,2u
±
1,1u
±
−1,1u
±
1,1
2 +
u±1,1u
±
−1,2u
±
1,1u
±
1,1u
±
1,1
2
+
u±1,1u
±
−1,2u
±
1,1u
±
−1,1u
±
−1,1
2 +
u±1,1u
±
−1,2u
±
−1,1u
±
−1,1u
±
1,1
2 +
u±−1,1u
±
−1,2u
±
1,1u
±
−1,1u
±
1,1
2
+
u±1,2u
±
1,1u
±
1,1u
±
−1,1u
±
1,1
2 +
u±1,2u
±
−1,1u
±
1,1u
±
1,1u
±
1,1
2 +
u±1,2u
±
−1,1u
±
1,1u
±
−1,1u
±
−1,1
2
+
u±1,2u
±
−1,1u
±
−1,1u
±
−1,1u
±
1,1
2 +
u±−1,2u
±
−1,1u
±
1,1u
±
−1,1u
±
1,1
2 = 0; (A.19)
(20) O((±t)−3 exp{−iτ±}),
−νu±−3,4 +
λ0ν′u±−3,4 ln |t|
2 − 4λ40u±−3,6 ± itu˙±−3,4 ∓ 2iu±−3,4 ∓
iλ0u
±′
−3,4
2
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∓ iλ0u
±′
−3,4
2 ∓
iu±−3,4
2 +
λ0ν′u±−3,4 ln |t|
2 − 4λ40u±−3,6 − 2λ20u±1,1u±1,1u±−3,4
−2λ20u±1,1u±−1,1u±−1,4 − 2λ20u±1,1u±1,2u±−3,3 − 2λ20u±1,1u±−1,2u±−1,3 − 2λ20u±1,1u±−3,3u±1,2
−2λ20u±1,1u±−1,3u±−1,2 − 2λ20u±1,1u±−3,4u±1,1 − 2λ20u±1,1u±−1,4u±−1,1 − 2λ20u±1,2u±1,1u±−3,3
−2λ20u±1,2u±−1,1u±−1,3 − 2λ20u±1,2u±−1,2u±−1,2 − 2λ20u±1,2u±−3,3u±1,1 − 2λ20u±1,2u±−1,3u±−1,1
−4λ20u±3,3u±−1,1u±1,2 − 4λ20u±3,3u±1,1u±−1,2 − 2λ20u±1,3u±−1,1u±−1,2 − 4λ20u±3,3u±−1,2u±1,1
−4λ20u±3,3u±1,2u±−1,1 − 2λ20u±1,3u±−1,2u±−1,1 − 4λ20u±3,4u±−1,1u±1,1 − 4λ20u±3,4u±1,1u±−1,1
−2λ20u±1,4u±−1,1u±−1,1 +
ν′u±1,1u
±
−1,1u
±
−1,2 ln |t|
8λ0
+
ν′u±1,1u
±
−1,2u
±
−1,1 ln |t|
8λ0
+
ν′u±1,2u
±
−1,1u
±
−1,1 ln |t|
8λ0
∓ i(u
±
1,1)
′u±−1,1u
±
−1,2
8λ0
∓ i(u
±
1,1)
′u±−1,2u
±
−1,1
8λ0
∓ i(u
±
1,2)
′u±−1,1u
±
−1,1
8λ0
+
u±1,1u
±
1,1u
±
−1,1u
±
1,1u
±
−1,2
2
+
u±−1,1u
±
1,1u
±
1,1u
±
1,1u
±
−1,2
2 +
u±−1,1u
±
1,1u
±
−1,1u
±
1,1u
±
1,2
2 +
u±−1,1u
±
1,1u
±
−1,1u
±
−1,1u
±
−1,2
2
+
u±−1,1u
±
−1,1u
±
−1,1u
±
1,1u
±
−1,2
2 +
u±1,1u
±
1,1u
±
−1,1u
±
1,2u
±
−1,1
2 +
u±−1,1u
±
1,1u
±
1,1u
±
1,2u
±
−1,1
2
+
u±−1,1u
±
1,1u
±
−1,1u
±
1,2u
±
1,1
2 +
u±−1,1u
±
1,1u
±
−1,1u
±
−1,2u
±
−1,1
2 +
u±−1,1u
±
−1,1u
±
−1,1u
±
1,2u
±
−1,1
2
+
u±1,1u
±
1,1u
±
−1,2u
±
1,1u
±
−1,1
2 +
u±−1,1u
±
1,1u
±
1,2u
±
1,1u
±
−1,1
2 +
u±−1,1u
±
1,1u
±
−1,2u
±
1,1u
±
1,1
2
+
u±−1,1u
±
1,1u
±
−1,2u
±
−1,1u
±
−1,1
2 +
u±−1,1u
±
−1,1u
±
−1,2u
±
1,1u
±
−1,1
2 +
u±1,1u
±
1,2u
±
−1,1u
±
1,1u
±
−1,1
2
+
u±−1,1u
±
1,2u
±
1,1u
±
1,1u
±
−1,1
2 +
u±−1,1u
±
1,2u
±
−1,1u
±
1,1u
±
1,1
2 +
u±−1,1u
±
1,2u
±
−1,1u
±
−1,1u
±
−1,1
2
+
u±−1,1u
±
−1,2u
±
−1,1u
±
1,1u
±
−1,1
2 +
u±1,2u
±
1,1u
±
−1,1u
±
1,1u
±
−1,1
2 +
u±−1,2u
±
1,1u
±
1,1u
±
1,1u
±
−1,1
2
+
u±−1,2u
±
1,1u
±
−1,1u
±
1,1u
±
1,1
2 +
u±−1,2u
±
1,1u
±
−1,1u
±
−1,1u
±
−1,1
2 +
u±−1,2u
±
−1,1u
±
−1,1u
±
1,1u
±
−1,1
2 = 0; (A.20)
(21) O((±t)−3 exp{3iτ±}),
12λ40u
±
5,6 − 36λ40u±5,6 + 2λ20u±−3,3u±1,1u±1,2 + 2λ20u±−3,3u±1,2u±1,1 + 2λ20u±−3,4u±1,1u±1,1
+
u±1,1u
±
−1,1u
±
1,1u
±
−1,1u
±
1,2
2 +
u±1,1u
±
−1,1u
±
1,1u
±
−1,2u
±
1,1
2 +
u±1,1u
±
−1,1u
±
1,2u
±
−1,1u
±
1,1
2
+
u±1,1u
±
−1,2u
±
1,1u
±
−1,1u
±
1,1
2 +
u±1,2u
±
−1,1u
±
1,1u
±
−1,1u
±
1,1
2 = 0; (A.21)
(22) O((±t)−3 exp{−2iτ±}),
−8λ40u±−5,6 − 16λ40u±−5,6 − 2λ20u±1,1u±−1,1u±−3,4 − 2λ20u±1,1u±−1,2u±−3,3 − 2λ20u±1,1u±−3,3u±−1,2
−2λ20u±1,1u±−3,4u±−1,1 − 2λ20u±1,2u±−1,1u±−3,3 − 2λ20u±1,2u±−3,3u±−1,1 − 4λ20u±3,3u±−1,1u±−1,2
−4λ20u±3,3u±−1,2u±−1,1 − 4λ20u±3,4u±−1,1u±−1,1 +
u±−1,1u
±
1,1u
±
−1,1u
±
1,1u
±
−1,2
2 +
u±−1,1u
±
1,1u
±
−1,1u
±
1,2u
±
−1,1
2
+
u±−1,1u
±
1,1u
±
−1,2u
±
1,1u
±
−1,1
2 +
u±−1,1u
±
1,2u
±
−1,1u
±
1,1u
±
−1,1
2 +
u±−1,2u
±
1,1u
±
−1,1u
±
1,1u
±
−1,1
2 = 0; (A.22)
(23) O((±t)−7/2 exp{iτ±}),
νu±1,5 −
λ0ν′u±1,5 ln |t|
2 + 4λ
4
0u
±
1,7 ± itu˙±1,5 ∓
5iu±1,5
2 ∓
iλ0u
±′
1,5
2 ∓
iν′u±′1,3 ln |t|
32λ20
∓ iν
′′u±1,3 ln |t|
64λ20
± iν
′u±1,3 ln |t|
64λ30
± iλ0u
±′
1,5
2 ±
iu±1,5
2 −
(ν′)2u±1,3(ln |t|)2
64λ20
+
λ0ν′u±1,5 ln |t|
2 − 4λ40u±1,7
+
u±′′1,3
64λ20
− u
±′
1,3
64λ30
− 2λ20u±1,1u±1,1u±1,5 − 2λ20u±1,1u±−1,1u±3,5 − 2λ20u±1,1u±1,2u±1,4
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−2λ20u±1,1u±−1,2u±3,4 − 2λ20u±1,1u±1,3u±1,3 − 2λ20u±1,1u±−1,3u±3,3 − 2λ20u±1,1u±3,3u±−1,3
−2λ20u±1,1u±1,4u±1,2 − 2λ20u±1,1u±3,4u±−1,2 − 2λ20u±1,1u±1,5u±1,1 − 2λ20u±1,1u±3,5u±−1,1
−2λ20u±1,2u±1,1u±1,4 − 2λ20u±1,2u±−1,1u±3,4 − 2λ20u±1,2u±1,2u±1,3 − 2λ20u±1,2u±−1,2u±3,3
−2λ20u±1,2u±1,3u±1,2 − 2λ20u±1,2u±3,3u±−1,2 − 2λ20u±1,2u±1,4u±1,1 − 2λ20u±1,2u±3,4u±−1,1
−2λ20u±1,3u±1,1u±1,3 − 4λ20u±3,3u±1,1u±3,3 + 2λ20u±−3,3u±1,1u±−3,3 − 2λ20u±1,3u±−1,1u±3,3
+2λ20u
±
−3,3u
±
−1,1u
±
−1,3 − 2λ20u±1,3u±1,2u±1,2 + 2λ20u±−3,3u±−1,2u±−1,2 − 2λ20u±1,3u±1,3u±1,1
−4λ20u±3,3u±3,3u±1,1 + 2λ20u±−3,3u±−3,3u±1,1 − 2λ20u±1,3u±3,3u±−1,1 + 2λ20u±−3,3u±−1,3u±−1,1
−2λ20u±1,4u±1,1u±1,2 + 2λ20u±−3,4u±−1,1u±−1,2 − 2λ20u±1,4u±1,2u±1,1 + 2λ20u±−3,4u±−1,2u±−1,1
−2λ20u±1,5u±1,1u±1,1 + 2λ20u±−3,5u±−1,1u±−1,1 +
ν′u±1,1u
±
1,1u
±
1,3 ln |t|
8λ0
+
ν′u±1,1u
±
−1,1u
±
3,3 ln |t|
8λ0
+
ν′u±1,1u
±
1,2u
±
1,2 ln |t|
8λ0
+
ν′u±1,1u
±
1,3u
±
1,1 ln |t|
8λ0
+
ν′u±1,1u
±
3,3u
±
−1,1 ln |t|
8λ0
+
ν′u±1,2u
±
1,1u
±
1,2 ln |t|
8λ0
+
ν′u±1,2u
±
1,2u
±
1,1 ln |t|
8λ0
+
ν′u±1,3u
±
1,1u
±
1,1 ln |t|
8λ0
− ν
′u±−3,3u
±
−1,1u
±
−1,1 ln |t|
8λ0
∓ i(u
±
1,1)
′u±1,1u
±
1,3
8λ0
∓ i(u
±
1,1)
′u±−1,1u
±
3,3
8λ0
∓ i(u
±
−1,1)
′u±1,1u
±
−1,3
8λ0
∓ i(u
±
−1,1)
′u±−1,1u
±
1,3
8λ0
∓ i(u
±
1,1)
′u±1,2u
±
1,2
8λ0
∓ i(u
±
−1,1)
′u±1,2u
±
−1,2
8λ0
∓ i(u
±
−1,1)
′u±−1,2u
±
1,2
8λ0
∓ i(u
±
1,1)
′u±1,3u
±
1,1
8λ0
∓ i(u
±
1,1)
′u±3,3u
±
−1,1
8λ0
∓ i(u
±
−1,1)
′u±−1,3u
±
1,1
8λ0
∓ i(u
±
−1,1)
′u±1,3u
±
−1,1
8λ0
∓ i(u
±
1,2)
′u±1,1u
±
1,2
8λ0
∓ i(u
±
−1,2)
′u±1,1u
±
−1,2
8λ0
∓ i(u
±
−1,2)
′u±−1,1u
±
1,2
8λ0
∓ i(u
±
1,2)
′u±1,2u
±
1,1
8λ0
∓ i(u
±
−1,2)
′u±1,2u
±
−1,1
8λ0
∓ i(u
±
−1,2)
′u±−1,2u
±
1,1
8λ0
∓ i(u
±
1,3)
′u±1,1u
±
1,1
8λ0
∓ i(u
±
−3,3)
′u±−1,1u
±
−1,1
8λ0
∓ i(u
±
−1,3)
′u±−1,1u
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(24) O((±t)−7/2),
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−2λ20u±1,1u±1,2u±−1,4 − 2λ20u±1,1u±−1,2u±1,4 − 2λ20u±1,1u±1,3u±−1,3 − 2λ20u±1,1u±−1,3u±1,3
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±
1,1u
±
−1,1
2 +
u±−1,3u
±
1,1u
±
1,1u
±
−1,1u
±
−1,1
2
+
u±−3,3u
±
−1,1u
±
1,1u
±
−1,1u
±
−1,1
2 +
u±1,3u
±
1,1u
±
−1,1u
±
−1,1u
±
−1,1
2 +
u±−1,3u
±
−1,1u
±
−1,1u
±
−1,1u
±
−1,1
2 = 0; (A.24)
(25) O((±t)−7/2 exp{2iτ±}),
2νu±3,5 − λ0ν ′u±3,5 ln |t|+ 8λ40u±3,7 ± itu˙±3,5 ∓
5iu±3,5
2 ∓
iλ0u
±′
3,5
2 ∓
iν′u±′3,3 ln |t|
16λ20
∓ iν
′′u±3,3 ln |t|
32λ20
± iν
′u±3,3 ln |t|
32λ30
± iλ0u±′3,5 ± iu±3,5 −
(ν′)2u±3,3(ln |t|)2
16λ20
+ 2λ0ν
′u±3,5 ln |t|
−16λ40u±3,7 +
u±′′3,3
64λ20
− u
±′
3,3
64λ30
− 2λ20u±1,1u±1,1u±3,5 − 2λ20u±1,1u±−1,1u±5,5 − 2λ20u±1,1u±1,2u±3,4
−2λ20u±1,1u±1,3u±3,3 − 2λ20u±1,1u±3,3u±1,3 − 2λ20u±1,1u±3,4u±1,2 − 2λ20u±1,1u±3,5u±1,1
−2λ20u±1,1u±5,5u±−1,1 − 2λ20u±1,2u±1,1u±3,4 − 2λ20u±1,2u±1,2u±3,3 − 2λ20u±1,2u±3,3u±1,2
−2λ20u±1,2u±3,4u±1,1 − 2λ20u±1,3u±1,1u±3,3 + 2λ20u±−3,3u±1,1u±−1,3 + 2λ20u±−3,3u±−1,1u±1,3
+2λ20u
±
−3,3u
±
−1,2u
±
1,2 + 2λ
2
0u
±
−3,3u
±
1,2u
±
−1,2 − 2λ20u±1,3u±3,3u±1,1 + 2λ20u±−3,3u±−1,3u±1,1
+2λ20u
±
−3,3u
±
1,3u
±
−1,1 + 2λ20u
±
−3,4u
±
−1,1u
±
1,2 + 2λ
2
0u
±
−3,4u
±
1,1u
±
−1,2 + 2λ20u
±
−3,4u
±
−1,2u
±
1,1
+2λ20u
±
−3,4u
±
1,2u
±
−1,1 + 2λ
2
0u
±
−3,5u
±
−1,1u
±
1,1 + 2λ
2
0u
±
−3,5u
±
1,1u
±
−1,1 + 4λ
2
0u
±
−5,5u
±
−1,1u
±
−1,1
+
ν′u±1,1u
±
1,1u
±
3,3 ln |t|
8λ0
+
ν′u±1,1u
±
3,3u
±
1,1 ln |t|
8λ0
− ν
′u±−3,3u
±
−1,1u
±
1,1 ln |t|
8λ0
− ν
′u±−3,3u
±
1,1u
±
−1,1 ln |t|
8λ0
∓ i(u
±
1,1)
′u±1,1u
±
3,3
8λ0
∓ i(u
±
−1,1)
′u±1,1u
±
1,3
8λ0
∓ i(u
±
−1,1)
′u±−1,1u
±
3,3
8λ0
∓ i(u
±
−1,1)
′u±1,2u
±
1,2
8λ0
∓ i(u
±
1,1)
′u±3,3u
±
1,1
8λ0
∓ i(u
±
−1,1)
′u±1,3u
±
1,1
8λ0
∓ i(u
±
−1,1)
′u±3,3u
±
−1,1
8λ0
∓ i(u
±
−1,2)
′u±1,1u
±
1,2
8λ0
∓ i(u
±
−1,2)
′u±1,2u
±
1,1
8λ0
∓ i(u
±
−3,3)
′u±−1,1u
±
1,1
8λ0
∓ i(u
±
−3,3)
′u±1,1u
±
−1,1
8λ0
∓ i(u
±
−1,3)
′u±1,1u
±
1,1
8λ0
+
u±1,1u
±
1,1u
±
1,1u
±
−1,2u
±
1,2
2 +
u±1,1u
±
−1,1u
±
1,1u
±
1,2u
±
1,2
2 +
u±1,1u
±
−1,1u
±
1,1u
±
−1,2u
±
−1,2
2
+
u±1,1u
±
−1,1u
±
−1,1u
±
−1,2u
±
1,2
2 +
u±−1,1u
±
−1,1u
±
1,1u
±
−1,2u
±
1,2
2 +
u±1,1u
±
1,1u
±
1,2u
±
−1,1u
±
1,2
2
+
u±1,1u
±
−1,1u
±
1,2u
±
1,1u
±
1,2
2 +
u±1,1u
±
−1,1u
±
1,2u
±
−1,1u
±
−1,2
2 +
u±1,1u
±
−1,1u
±
−1,2u
±
−1,1u
±
1,2
2
+
u±−1,1u
±
−1,1u
±
1,2u
±
−1,1u
±
1,2
2 +
u±1,1u
±
1,1u
±
1,2u
±
−1,2u
±
1,1
2 +
u±1,1u
±
−1,1u
±
1,2u
±
1,2u
±
1,1
2
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+
u±1,1u
±
−1,1u
±
1,2u
±
−1,2u
±
−1,1
2 +
u±1,1u
±
−1,1u
±
−1,2u
±
−1,2u
±
1,1
2 +
u±−1,1u
±
−1,1u
±
1,2u
±
−1,2u
±
1,1
2
+
u±1,1u
±
1,2u
±
1,1u
±
−1,1u
±
1,2
2 +
u±1,1u
±
−1,2u
±
1,1u
±
1,1u
±
1,2
2 +
u±1,1u
±
−1,2u
±
1,1u
±
−1,1u
±
−1,2
2
+
u±1,1u
±
−1,2u
±
−1,1u
±
−1,1u
±
1,2
2 +
u±−1,1u
±
−1,2u
±
1,1u
±
−1,1u
±
1,2
2 +
u±1,1u
±
1,2u
±
1,1u
±
−1,2u
±
1,1
2
+
u±1,1u
±
−1,2u
±
1,1u
±
1,2u
±
1,1
2 +
u±1,1u
±
−1,2u
±
1,1u
±
−1,2u
±
−1,1
2 +
u±1,1u
±
−1,2u
±
−1,1u
±
−1,2u
±
1,1
2
+
u±−1,1u
±
−1,2u
±
1,1u
±
−1,2u
±
1,1
2 +
u±1,1u
±
1,2u
±
1,2u
±
−1,1u
±
1,1
2 +
u±1,1u
±
−1,2u
±
1,2u
±
1,1u
±
1,1
2
+
u±1,1u
±
−1,2u
±
1,2u
±
−1,1u
±
−1,1
2 +
u±1,1u
±
−1,2u
±
−1,2u
±
−1,1u
±
1,1
2 +
u±−1,1u
±
−1,2u
±
1,2u
±
−1,1u
±
1,1
2
+
u±1,2u
±
1,1u
±
1,1u
±
−1,1u
±
1,2
2 +
u±1,2u
±
−1,1u
±
1,1u
±
1,1u
±
1,2
2 +
u±1,2u
±
−1,1u
±
1,1u
±
−1,1u
±
−1,2
2
+
u±1,2u
±
−1,1u
±
−1,1u
±
−1,1u
±
1,2
2 +
u±−1,2u
±
−1,1u
±
1,1u
±
−1,1u
±
1,2
2 +
u±1,2u
±
1,1u
±
1,1u
±
−1,2u
±
1,1
2
+
u±1,2u
±
−1,1u
±
1,1u
±
1,2u
±
1,1
2 +
u±1,2u
±
−1,1u
±
1,1u
±
−1,2u
±
−1,1
2 +
u±1,2u
±
−1,1u
±
−1,1u
±
−1,2u
±
1,1
2
+
u±−1,2u
±
−1,1u
±
1,1u
±
−1,2u
±
1,1
2 +
u±1,2u
±
1,1u
±
1,2u
±
−1,1u
±
1,1
2 +
u±1,2u
±
−1,1u
±
1,2u
±
1,1u
±
1,1
2
+
u±1,2u
±
−1,1u
±
1,2u
±
−1,1u
±
−1,1
2 +
u±1,2u
±
−1,1u
±
−1,2u
±
−1,1u
±
1,1
2 +
u±−1,2u
±
−1,1u
±
1,2u
±
−1,1u
±
1,1
2
+
u±1,2u
±
1,2u
±
1,1u
±
−1,1u
±
1,1
2 +
u±1,2u
±
−1,2u
±
1,1u
±
1,1u
±
1,1
2 +
u±1,2u
±
−1,2u
±
1,1u
±
−1,1u
±
−1,1
2
+
u±1,2u
±
−1,2u
±
−1,1u
±
−1,1u
±
1,1
2 +
u±−1,2u
±
−1,2u
±
1,1u
±
−1,1u
±
1,1
2 +
u±1,1u
±
1,1u
±
1,1u
±
1,1u
±
3,3
2
+
u±1,1u
±
1,1u
±
1,1u
±
−1,1u
±
1,3
2 +
u±1,1u
±
1,1u
±
−1,1u
±
−1,1u
±
3,3
2 +
u±1,1u
±
−1,1u
±
1,1u
±
1,1u
±
1,3
2
+
u±1,1u
±
−1,1u
±
1,1u
±
−1,1u
±
−1,3
2 +
u±1,1u
±
−1,1u
±
−1,1u
±
1,1u
±
3,3
2 +
u±1,1u
±
−1,1u
±
−1,1u
±
−1,1u
±
1,3
2
+
u±−1,1u
±
1,1u
±
1,1u
±
−1,1u
±
3,3
2 +
u±−1,1u
±
−1,1u
±
1,1u
±
1,1u
±
3,3
2 +
u±−1,1u
±
−1,1u
±
1,1u
±
−1,1u
±
1,3
2
+
u±−1,1u
±
−1,1u
±
−1,1u
±
−1,1u
±
3,3
2 +
u±1,1u
±
1,1u
±
1,1u
±
−1,3u
±
1,1
2 +
u±1,1u
±
1,1u
±
1,1u
±
−3,3u
±
−1,1
2
+
u±1,1u
±
1,1u
±
−1,1u
±
−3,3u
±
1,1
2 +
u±1,1u
±
−1,1u
±
1,1u
±
1,3u
±
1,1
2 +
u±1,1u
±
−1,1u
±
1,1u
±
−1,3u
±
−1,1
2
+
u±1,1u
±
−1,1u
±
−1,1u
±
−1,3u
±
1,1
2 +
u±1,1u
±
−1,1u
±
−1,1u
±
−3,3u
±
−1,1
2 +
u±−1,1u
±
1,1u
±
1,1u
±
−3,3u
±
1,1
2
+
u±−1,1u
±
−1,1u
±
1,1u
±
−1,3u
±
1,1
2 +
u±−1,1u
±
−1,1u
±
1,1u
±
−3,3u
±
−1,1
2 +
u±−1,1u
±
−1,1u
±
−1,1u
±
−3,3u
±
1,1
2
+
u±1,1u
±
1,1u
±
3,3u
±
1,1u
±
1,1
2 +
u±1,1u
±
1,1u
±
1,3u
±
−1,1u
±
1,1
2 +
u±1,1u
±
1,1u
±
3,3u
±
−1,1u
±
−1,1
2
+
u±1,1u
±
−1,1u
±
1,3u
±
1,1u
±
1,1
2 +
u±1,1u
±
−1,1u
±
3,3u
±
1,1u
±
−1,1
2 +
u±1,1u
±
−1,1u
±
−1,3u
±
−1,1u
±
1,1
2
+
u±1,1u
±
−1,1u
±
1,3u
±
−1,1u
±
−1,1
2 +
u±−1,1u
±
1,1u
±
3,3u
±
−1,1u
±
1,1
2 +
u±−1,1u
±
−1,1u
±
3,3u
±
1,1u
±
1,1
2
+
u±−1,1u
±
−1,1u
±
1,3u
±
−1,1u
±
1,1
2 +
u±−1,1u
±
−1,1u
±
3,3u
±
−1,1u
±
−1,1
2 +
u±1,1u
±
−1,3u
±
1,1u
±
1,1u
±
1,1
2
+
u±1,1u
±
−3,3u
±
1,1u
±
1,1u
±
−1,1
2 +
u±1,1u
±
1,3u
±
1,1u
±
−1,1u
±
1,1
2 +
u±1,1u
±
−1,3u
±
1,1u
±
−1,1u
±
−1,1
2
+
u±1,1u
±
−3,3u
±
−1,1u
±
1,1u
±
1,1
2 +
u±1,1u
±
−1,3u
±
−1,1u
±
−1,1u
±
1,1
2 +
u±1,1u
±
−3,3u
±
−1,1u
±
−1,1u
±
−1,1
2
+
u±−1,1u
±
−3,3u
±
1,1u
±
1,1u
±
1,1
2 +
u±−1,1u
±
−1,3u
±
1,1u
±
−1,1u
±
1,1
2 +
u±−1,1u
±
−3,3u
±
1,1u
±
−1,1u
±
−1,1
2
+
u±−1,1u
±
−3,3u
±
−1,1u
±
−1,1u
±
1,1
2 +
u±3,3u
±
1,1u
±
1,1u
±
1,1u
±
1,1
2 +
u±1,3u
±
−1,1u
±
1,1u
±
1,1u
±
1,1
2
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+
u±3,3u
±
−1,1u
±
−1,1u
±
1,1u
±
1,1
2 +
u±1,3u
±
1,1u
±
1,1u
±
−1,1u
±
1,1
2 +
u±−1,3u
±
−1,1u
±
1,1u
±
−1,1u
±
1,1
2
+
u±3,3u
±
1,1u
±
−1,1u
±
−1,1u
±
1,1
2 +
u±1,3u
±
−1,1u
±
−1,1u
±
−1,1u
±
1,1
2 +
u±3,3u
±
−1,1u
±
1,1u
±
1,1u
±
−1,1
2
+
u±3,3u
±
1,1u
±
1,1u
±
−1,1u
±
−1,1
2 +
u±1,3u
±
−1,1u
±
1,1u
±
−1,1u
±
−1,1
2 +
u±3,3u
±
−1,1u
±
−1,1u
±
−1,1u
±
−1,1
2 = 0; (A.25)
(26) O((±t)−7/2 exp{−iτ±}),
−νu±−3,5 +
λ0ν′u±−3,5 ln |t|
2 − 4λ40u±−3,7 ± itu˙±−3,5 ∓
5iu±−3,5
2 ∓
iλ0u
±′
−3,5
2 ±
iν′u±′−3,3 ln |t|
32λ20
± iν
′′u±−3,3 ln |t|
64λ20
∓ iν
′u±−3,3 ln |t|
64λ30
∓ iλ0u
±′
−3,5
2 ∓
iu±−3,5
2 −
(ν′)2u±−3,3(ln |t|)2
64λ20
+
λ0ν′u±−3,5 ln |t|
2
−4λ40u±−3,7 +
u±′′−3,3
64λ20
− u
±′
−3,3
64λ30
− 2λ20u±1,1u±1,1u±−3,5 − 2λ20u±1,1u±−1,1u±−1,5 − 2λ20u±1,1u±1,2u±−3,4
−2λ20u±1,1u±−1,2u±−1,4 − 2λ20u±1,1u±1,3u±−3,3 − 2λ20u±1,1u±−1,3u±−1,3 − 2λ20u±1,1u±−3,3u±1,3
−2λ20u±1,1u±−3,4u±1,2 − 2λ20u±1,1u±−1,4u±−1,2 − 2λ20u±1,1u±−3,5u±1,1 − 2λ20u±1,1u±−1,5u±−1,1
−2λ20u±1,2u±1,1u±−3,4 − 2λ20u±1,2u±−1,1u±−1,4 − 2λ20u±1,2u±1,2u±−3,3 − 2λ20u±1,2u±−1,2u±−1,3
−2λ20u±1,2u±−3,3u±1,2 − 2λ20u±1,2u±−1,3u±−1,2 − 2λ20u±1,2u±−3,4u±1,1 − 2λ20u±1,2u±−1,4u±−1,1
−2λ20u±1,3u±1,1u±−3,3 − 4λ20u±3,3u±1,1u±−1,3 − 2λ20u±1,3u±−1,1u±−1,3 − 4λ20u±3,3u±−1,1u±1,3
−4λ20u±3,3u±−1,2u±1,2 − 4λ20u±3,3u±1,2u±−1,2 − 2λ20u±1,3u±−1,2u±−1,2 − 2λ20u±1,3u±−3,3u±1,1
−4λ20u±3,3u±−1,3u±1,1 − 2λ20u±1,3u±−1,3u±−1,1 − 4λ20u±3,3u±1,3u±−1,1 − 4λ20u±3,4u±−1,1u±1,2
−4λ20u±3,4u±1,1u±−1,2 − 2λ20u±1,4u±−1,1u±−1,2 − 4λ20u±3,4u±−1,2u±1,1 − 4λ20u±3,4u±1,2u±−1,1
−2λ20u±1,4u±−1,2u±−1,1 − 6λ20u±5,5u±1,1u±1,1 − 4λ20u±3,5u±−1,1u±1,1 − 4λ20u±3,5u±1,1u±−1,1
−2λ20u±1,5u±−1,1u±−1,1 +
ν′u±1,1u
±
1,1u
±
−3,3 ln |t|
8λ0
+
ν′u±1,1u
±
−1,1u
±
−1,3 ln |t|
8λ0
+
ν′u±1,1u
±
−1,2u
±
−1,2 ln |t|
8λ0
+
ν′u±1,1u
±
−3,3u
±
1,1 ln |t|
8λ0
+
ν′u±1,1u
±
−1,3u
±
−1,1 ln |t|
8λ0
+
ν′u±1,2u
±
−1,1u
±
−1,2 ln |t|
8λ0
+
ν′u±1,2u
±
−1,2u
±
−1,1 ln |t|
8λ0
+
ν′u±3,3u
±
−1,1u
±
1,1 ln |t|
4λ0
+
ν′u±3,3u
±
1,1u
±
−1,1 ln |t|
4λ0
+
ν′u±1,3u
±
−1,1u
±
−1,1 ln |t|
8λ0
∓ i(u
±
1,1)
′u±1,1u
±
−3,3
8λ0
∓ i(u
±
1,1)
′u±−1,1u
±
−1,3
8λ0
∓ i(u
±
−1,1)
′u±−1,1u
±
−3,3
8λ0
∓ i(u
±
1,1)
′u±−1,2u
±
−1,2
8λ0
∓ i(u
±
1,1)
′u±−3,3u
±
1,1
8λ0
∓ i(u
±
1,1)
′u±−1,3u
±
−1,1
8λ0
∓ i(u
±
−1,1)
′u±−3,3u
±
−1,1
8λ0
∓ i(u
±
1,2)
′u±−1,1u
±
−1,2
8λ0
∓ i(u
±
1,2)
′u±−1,2u
±
−1,1
8λ0
∓ i(u
±
3,3)
′u±−1,1u
±
1,1
8λ0
∓ i(u
±
3,3)
′u±1,1u
±
−1,1
8λ0
∓ i(u
±
1,3)
′u±−1,1u
±
−1,1
8λ0
+
u±1,1u
±
1,1u
±
−1,1u
±
1,2u
±
−1,2
2
+
u±−1,1u
±
1,1u
±
1,1u
±
1,2u
±
−1,2
2 +
u±−1,1u
±
1,1u
±
−1,1u
±
1,2u
±
1,2
2 +
u±−1,1u
±
1,1u
±
−1,1u
±
−1,2u
±
−1,2
2
+
u±−1,1u
±
−1,1u
±
−1,1u
±
1,2u
±
−1,2
2 +
u±1,1u
±
1,1u
±
−1,2u
±
1,1u
±
−1,2
2 +
u±−1,1u
±
1,1u
±
1,2u
±
1,1u
±
−1,2
2
+
u±−1,1u
±
1,1u
±
−1,2u
±
1,1u
±
1,2
2 +
u±−1,1u
±
1,1u
±
−1,2u
±
−1,1u
±
−1,2
2 +
u±−1,1u
±
−1,1u
±
−1,2u
±
1,1u
±
−1,2
2
+
u±1,1u
±
1,1u
±
−1,2u
±
1,2u
±
−1,1
2 +
u±−1,1u
±
1,1u
±
1,2u
±
1,2u
±
−1,1
2 +
u±−1,1u
±
1,1u
±
−1,2u
±
1,2u
±
1,1
2
+
u±−1,1u
±
1,1u
±
−1,2u
±
−1,2u
±
−1,1
2 +
u±−1,1u
±
−1,1u
±
−1,2u
±
1,2u
±
−1,1
2 +
u±1,1u
±
1,2u
±
−1,1u
±
1,1u
±
−1,2
2
+
u±−1,1u
±
1,2u
±
1,1u
±
1,1u
±
−1,2
2 +
u±−1,1u
±
1,2u
±
−1,1u
±
1,1u
±
1,2
2 +
u±−1,1u
±
1,2u
±
−1,1u
±
−1,1u
±
−1,2
2
+
u±−1,1u
±
−1,2u
±
−1,1u
±
1,1u
±
−1,2
2 +
u±1,1u
±
1,2u
±
−1,1u
±
1,2u
±
−1,1
2 +
u±−1,1u
±
1,2u
±
1,1u
±
1,2u
±
−1,1
2
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+
u±−1,1u
±
1,2u
±
−1,1u
±
1,2u
±
1,1
2 +
u±−1,1u
±
1,2u
±
−1,1u
±
−1,2u
±
−1,1
2 +
u±−1,1u
±
−1,2u
±
−1,1u
±
1,2u
±
−1,1
2
+
u±1,1u
±
1,2u
±
−1,2u
±
1,1u
±
−1,1
2 +
u±−1,1u
±
1,2u
±
1,2u
±
1,1u
±
−1,1
2 +
u±−1,1u
±
1,2u
±
−1,2u
±
1,1u
±
1,1
2
+
u±−1,1u
±
1,2u
±
−1,2u
±
−1,1u
±
−1,1
2 +
u±−1,1u
±
−1,2u
±
−1,2u
±
1,1u
±
−1,1
2 +
u±1,2u
±
1,1u
±
−1,1u
±
1,1u
±
−1,2
2
+
u±−1,2u
±
1,1u
±
1,1u
±
1,1u
±
−1,2
2 +
u±−1,2u
±
1,1u
±
−1,1u
±
1,1u
±
1,2
2 +
u±−1,2u
±
1,1u
±
−1,1u
±
−1,1u
±
−1,2
2
+
u±−1,2u
±
−1,1u
±
−1,1u
±
1,1u
±
−1,2
2 +
u±1,2u
±
1,1u
±
−1,1u
±
1,2u
±
−1,1
2 +
u±−1,2u
±
1,1u
±
1,1u
±
1,2u
±
−1,1
2
+
u±−1,2u
±
1,1u
±
−1,1u
±
1,2u
±
1,1
2 +
u±−1,2u
±
1,1u
±
−1,1u
±
−1,2u
±
−1,1
2 +
u±−1,2u
±
−1,1u
±
−1,1u
±
1,2u
±
−1,1
2
+
u±1,2u
±
1,1u
±
−1,2u
±
1,1u
±
−1,1
2 +
u±−1,2u
±
1,1u
±
1,2u
±
1,1u
±
−1,1
2 +
u±−1,2u
±
1,1u
±
−1,2u
±
1,1u
±
1,1
2
+
u±−1,2u
±
1,1u
±
−1,2u
±
−1,1u
±
−1,1
2 +
u±−1,2u
±
−1,1u
±
−1,2u
±
1,1u
±
−1,1
2 +
u±1,2u
±
1,2u
±
−1,1u
±
1,1u
±
−1,1
2
+
u±−1,2u
±
1,2u
±
1,1u
±
1,1u
±
−1,1
2 +
u±−1,2u
±
1,2u
±
−1,1u
±
1,1u
±
1,1
2 +
u±−1,2u
±
1,2u
±
−1,1u
±
−1,1u
±
−1,1
2
+
u±−1,2u
±
−1,2u
±
−1,1u
±
1,1u
±
−1,1
2 +
u±1,1u
±
1,1u
±
1,1u
±
1,1u
±
−3,3
2 +
u±1,1u
±
1,1u
±
−1,1u
±
1,1u
±
−1,3
2
+
u±1,1u
±
1,1u
±
−1,1u
±
−1,1u
±
−3,3
2 +
u±1,1u
±
−1,1u
±
−1,1u
±
1,1u
±
−3,3
2 +
u±−1,1u
±
1,1u
±
1,1u
±
1,1u
±
−1,3
2
+
u±−1,1u
±
1,1u
±
1,1u
±
−1,1u
±
−3,3
2 +
u±−1,1u
±
1,1u
±
−1,1u
±
1,1u
±
1,3
2 +
u±−1,1u
±
1,1u
±
−1,1u
±
−1,1u
±
−1,3
2
+
u±−1,1u
±
−1,1u
±
1,1u
±
1,1u
±
−3,3
2 +
u±−1,1u
±
−1,1u
±
−1,1u
±
1,1u
±
−1,3
2 +
u±−1,1u
±
−1,1u
±
−1,1u
±
−1,1u
±
−3,3
2
+
u±1,1u
±
1,1u
±
1,1u
±
3,3u
±
−1,1
2 +
u±1,1u
±
1,1u
±
−1,1u
±
3,3u
±
1,1
2 +
u±1,1u
±
1,1u
±
−1,1u
±
1,3u
±
−1,1
2
+
u±1,1u
±
−1,1u
±
−1,1u
±
3,3u
±
−1,1
2 +
u±−1,1u
±
1,1u
±
1,1u
±
3,3u
±
1,1
2 +
u±−1,1u
±
1,1u
±
1,1u
±
1,3u
±
−1,1
2
+
u±−1,1u
±
1,1u
±
−1,1u
±
1,3u
±
1,1
2 +
u±−1,1u
±
1,1u
±
−1,1u
±
−1,3u
±
−1,1
2 +
u±−1,1u
±
−1,1u
±
1,1u
±
3,3u
±
−1,1
2
+
u±−1,1u
±
−1,1u
±
−1,1u
±
3,3u
±
1,1
2 +
u±−1,1u
±
−1,1u
±
−1,1u
±
1,3u
±
−1,1
2 +
u±1,1u
±
1,1u
±
−3,3u
±
1,1u
±
1,1
2
+
u±1,1u
±
1,1u
±
−1,3u
±
1,1u
±
−1,1
2 +
u±1,1u
±
1,1u
±
−3,3u
±
−1,1u
±
−1,1
2 +
u±1,1u
±
−1,1u
±
−3,3u
±
1,1u
±
−1,1
2
+
u±−1,1u
±
1,1u
±
−1,3u
±
1,1u
±
1,1
2 +
u±−1,1u
±
1,1u
±
1,3u
±
1,1u
±
−1,1
2 +
u±−1,1u
±
1,1u
±
−3,3u
±
−1,1u
±
1,1
2
+
u±−1,1u
±
1,1u
±
−1,3u
±
−1,1u
±
−1,1
2 +
u±−1,1u
±
−1,1u
±
−3,3u
±
1,1u
±
1,1
2 +
u±−1,1u
±
−1,1u
±
−1,3u
±
1,1u
±
−1,1
2
+
u±−1,1u
±
−1,1u
±
−3,3u
±
−1,1u
±
−1,1
2 +
u±1,1u
±
3,3u
±
1,1u
±
1,1u
±
−1,1
2 +
u±1,1u
±
3,3u
±
−1,1u
±
1,1u
±
1,1
2
+
u±1,1u
±
1,3u
±
−1,1u
±
1,1u
±
−1,1
2 +
u±1,1u
±
3,3u
±
−1,1u
±
−1,1u
±
−1,1
2 +
u±−1,1u
±
3,3u
±
1,1u
±
1,1u
±
1,1
2
+
u±−1,1u
±
1,3u
±
1,1u
±
1,1u
±
−1,1
2 +
u±−1,1u
±
3,3u
±
1,1u
±
−1,1u
±
−1,1
2 +
u±−1,1u
±
1,3u
±
−1,1u
±
1,1u
±
1,1
2
+
u±−1,1u
±
−1,3u
±
−1,1u
±
1,1u
±
−1,1
2 +
u±−1,1u
±
3,3u
±
−1,1u
±
−1,1u
±
1,1
2 +
u±−1,1u
±
1,3u
±
−1,1u
±
−1,1u
±
−1,1
2
+
u±−3,3u
±
1,1u
±
1,1u
±
1,1u
±
1,1
2 +
u±−1,3u
±
1,1u
±
−1,1u
±
1,1u
±
1,1
2 +
u±−3,3u
±
−1,1u
±
−1,1u
±
1,1u
±
1,1
2
+
u±−3,3u
±
1,1u
±
−1,1u
±
−1,1u
±
1,1
2 +
u±−1,3u
±
1,1u
±
1,1u
±
1,1u
±
−1,1
2 +
u±−3,3u
±
−1,1u
±
1,1u
±
1,1u
±
−1,1
2
+
u±1,3u
±
1,1u
±
−1,1u
±
1,1u
±
−1,1
2 +
u±−1,3u
±
−1,1u
±
−1,1u
±
1,1u
±
−1,1
2 +
u±−3,3u
±
1,1u
±
1,1u
±
−1,1u
±
−1,1
2
+
u±−1,3u
±
1,1u
±
−1,1u
±
−1,1u
±
−1,1
2 +
u±−3,3u
±
−1,1u
±
−1,1u
±
−1,1u
±
−1,1
2 = 0; (A.26)
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(27) O((±t)−7/2 exp{3iτ±}),
3νu±5,5 −
3λ0ν′u±5,5 ln |t|
2 + 12λ
4
0u
±
5,7 ± itu˙±5,5 ∓
5iu±5,5
2 ∓
iλ0u
±′
5,5
2
±3iλ0u
±′
5,5
2 ±
3iu±5,5
2 +
9λ0ν′u±5,5 ln |t|
2 − 36λ40u±5,7 − 2λ20u±1,1u±1,1u±5,5
−2λ20u±1,1u±3,3u±3,3 − 2λ20u±1,1u±5,5u±1,1 + 2λ20u±−3,3u±1,1u±1,3 + 2λ20u±−3,3u±−1,1u±3,3
+2λ20u
±
−3,3u
±
1,2u
±
1,2 + 2λ
2
0u
±
−3,3u
±
1,3u
±
1,1 + 2λ
2
0u
±
−3,3u
±
3,3u
±
−1,1 + 2λ
2
0u
±
−3,4u
±
1,1u
±
1,2
+2λ20u
±
−3,4u
±
1,2u
±
1,1 + 2λ
2
0u
±
−3,5u
±
1,1u
±
1,1 + 4λ
2
0u
±
−5,5u
±
−1,1u
±
1,1 + 4λ
2
0u
±
−5,5u
±
1,1u
±
−1,1
−ν
′u±−3,3u
±
1,1u
±
1,1 ln |t|
8λ0
∓ i(u
±
−1,1)
′u±1,1u
±
3,3
8λ0
∓ i(u
±
−1,1)
′u±3,3u
±
1,1
8λ0
∓ i(u
±
−3,3)
′u±1,1u
±
1,1
8λ0
+
u±1,1u
±
−1,1u
±
1,1u
±
−1,2u
±
1,2
2 +
u±1,1u
±
−1,1u
±
1,2u
±
−1,1u
±
1,2
2 +
u±1,1u
±
−1,1u
±
1,2u
±
−1,2u
±
1,1
2
+
u±1,1u
±
−1,2u
±
1,1u
±
−1,1u
±
1,2
2 +
u±1,1u
±
−1,2u
±
1,1u
±
−1,2u
±
1,1
2 +
u±1,1u
±
−1,2u
±
1,2u
±
−1,1u
±
1,1
2
+
u±1,2u
±
−1,1u
±
1,1u
±
−1,1u
±
1,2
2 +
u±1,2u
±
−1,1u
±
1,1u
±
−1,2u
±
1,1
2 +
u±1,2u
±
−1,1u
±
1,2u
±
−1,1u
±
1,1
2
+
u±1,2u
±
−1,2u
±
1,1u
±
−1,1u
±
1,1
2 +
u±1,1u
±
1,1u
±
1,1u
±
−1,1u
±
3,3
2 +
u±1,1u
±
−1,1u
±
1,1u
±
1,1u
±
3,3
2
+
u±1,1u
±
−1,1u
±
1,1u
±
−1,1u
±
1,3
2 +
u±1,1u
±
−1,1u
±
−1,1u
±
−1,1u
±
3,3
2 +
u±−1,1u
±
−1,1u
±
1,1u
±
−1,1u
±
3,3
2
+
u±1,1u
±
1,1u
±
1,1u
±
−3,3u
±
1,1
2 +
u±1,1u
±
−1,1u
±
1,1u
±
−1,3u
±
1,1
2 +
u±1,1u
±
−1,1u
±
1,1u
±
−3,3u
±
−1,1
2
+
u±1,1u
±
−1,1u
±
−1,1u
±
−3,3u
±
1,1
2 +
u±−1,1u
±
−1,1u
±
1,1u
±
−3,3u
±
1,1
2 +
u±1,1u
±
1,1u
±
3,3u
±
−1,1u
±
1,1
2
+
u±1,1u
±
−1,1u
±
3,3u
±
1,1u
±
1,1
2 +
u±1,1u
±
−1,1u
±
1,3u
±
−1,1u
±
1,1
2 +
u±1,1u
±
−1,1u
±
3,3u
±
−1,1u
±
−1,1
2
+
u±−1,1u
±
−1,1u
±
3,3u
±
−1,1u
±
1,1
2 +
u±1,1u
±
−3,3u
±
1,1u
±
1,1u
±
1,1
2 +
u±1,1u
±
−1,3u
±
1,1u
±
−1,1u
±
1,1
2
+
u±1,1u
±
−3,3u
±
1,1u
±
−1,1u
±
−1,1
2 +
u±1,1u
±
−3,3u
±
−1,1u
±
−1,1u
±
1,1
2 +
u±−1,1u
±
−3,3u
±
1,1u
±
−1,1u
±
1,1
2
+
u±3,3u
±
−1,1u
±
1,1u
±
1,1u
±
1,1
2 +
u±3,3u
±
1,1u
±
1,1u
±
−1,1u
±
1,1
2 +
u±1,3u
±
−1,1u
±
1,1u
±
−1,1u
±
1,1
2
+
u±3,3u
±
−1,1u
±
−1,1u
±
−1,1u
±
1,1
2 +
u±3,3u
±
−1,1u
±
1,1u
±
−1,1u
±
−1,1
2 = 0; (A.27)
(28) O((±t)−7/2 exp{−2iτ±}),
−2νu±−5,5 + λ0ν ′u±−5,5 ln |t| − 8λ40u±−5,7 ± itu˙±−5,5 ∓
5iu±−5,5
2 ∓
iλ0u
±′
−5,5
2
∓iλ0u±′−5,5 ∓ iu±−5,5 + 2λ0ν ′u±−5,5 ln |t| − 16λ40u±−5,7 − 2λ20u±1,1u±1,1u±−5,5
−2λ20u±1,1u±−1,1u±−3,5 − 2λ20u±1,1u±−1,2u±−3,4 − 2λ20u±1,1u±−1,3u±−3,3 − 2λ20u±1,1u±−3,3u±−1,3
−2λ20u±1,1u±−3,4u±−1,2 − 2λ20u±1,1u±−5,5u±1,1 − 2λ20u±1,1u±−3,5u±−1,1 − 2λ20u±1,2u±−1,1u±−3,4
−2λ20u±1,2u±−1,2u±−3,3 − 2λ20u±1,2u±−3,3u±−1,2 − 2λ20u±1,2u±−3,4u±−1,1 − 4λ20u±3,3u±1,1u±−3,3
−2λ20u±1,3u±−1,1u±−3,3 − 4λ20u±3,3u±−1,1u±−1,3 − 4λ20u±3,3u±−1,2u±−1,2 − 4λ20u±3,3u±−3,3u±1,1
−2λ20u±1,3u±−3,3u±−1,1 − 4λ20u±3,3u±−1,3u±−1,1 − 4λ20u±3,4u±−1,1u±−1,2 − 4λ20u±3,4u±−1,2u±−1,1
−6λ20u±5,5u±−1,1u±1,1 − 6λ20u±5,5u±1,1u±−1,1 − 4λ20u±3,5u±−1,1u±−1,1 +
ν′u±1,1u
±
−1,1u
±
−3,3 ln |t|
8λ0
+
ν′u±1,1u
±
−3,3u
±
−1,1 ln |t|
8λ0
+
ν′u±3,3u
±
−1,1u
±
−1,1 ln |t|
4λ0
∓ i(u
±
1,1)
′u±−1,1u
±
−3,3
8λ0
∓ i(u
±
1,1)
′u±−3,3u
±
−1,1
8λ0
∓ i(u
±
3,3)
′u±−1,1u
±
−1,1
8λ0
+
u±−1,1u
±
1,1u
±
−1,1u
±
1,2u
±
−1,2
2 +
u±−1,1u
±
1,1u
±
−1,2u
±
1,1u
±
−1,2
2 +
u±−1,1u
±
1,1u
±
−1,2u
±
1,2u
±
−1,1
2
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+
u±−1,1u
±
1,2u
±
−1,1u
±
1,1u
±
−1,2
2 +
u±−1,1u
±
1,2u
±
−1,1u
±
1,2u
±
−1,1
2 +
u±−1,1u
±
1,2u
±
−1,2u
±
1,1u
±
−1,1
2
+
u±−1,2u
±
1,1u
±
−1,1u
±
1,1u
±
−1,2
2 +
u±−1,2u
±
1,1u
±
−1,1u
±
1,2u
±
−1,1
2 +
u±−1,2u
±
1,1u
±
−1,2u
±
1,1u
±
−1,1
2
+
u±−1,2u
±
1,2u
±
−1,1u
±
1,1u
±
−1,1
2 +
u±1,1u
±
1,1u
±
−1,1u
±
1,1u
±
−3,3
2 +
u±−1,1u
±
1,1u
±
1,1u
±
1,1u
±
−3,3
2
+
u±−1,1u
±
1,1u
±
−1,1u
±
1,1u
±
−1,3
2 +
u±−1,1u
±
1,1u
±
−1,1u
±
−1,1u
±
−3,3
2 +
u±−1,1u
±
−1,1u
±
−1,1u
±
1,1u
±
−3,3
2
+
u±1,1u
±
1,1u
±
−1,1u
±
3,3u
±
−1,1
2 +
u±−1,1u
±
1,1u
±
1,1u
±
3,3u
±
−1,1
2 +
u±−1,1u
±
1,1u
±
−1,1u
±
3,3u
±
1,1
2
+
u±−1,1u
±
1,1u
±
−1,1u
±
1,3u
±
−1,1
2 +
u±−1,1u
±
−1,1u
±
−1,1u
±
3,3u
±
−1,1
2 +
u±1,1u
±
1,1u
±
−3,3u
±
1,1u
±
−1,1
2
+
u±−1,1u
±
1,1u
±
−3,3u
±
1,1u
±
1,1
2 +
u±−1,1u
±
1,1u
±
−1,3u
±
1,1u
±
−1,1
2 +
u±−1,1u
±
1,1u
±
−3,3u
±
−1,1u
±
−1,1
2
+
u±−1,1u
±
−1,1u
±
−3,3u
±
1,1u
±
−1,1
2 +
u±1,1u
±
3,3u
±
−1,1u
±
1,1u
±
−1,1
2 +
u±−1,1u
±
3,3u
±
1,1u
±
1,1u
±
−1,1
2
+
u±−1,1u
±
3,3u
±
−1,1u
±
1,1u
±
1,1
2 +
u±−1,1u
±
1,3u
±
−1,1u
±
1,1u
±
−1,1
2 +
u±−1,1u
±
3,3u
±
−1,1u
±
−1,1u
±
−1,1
2
+
u±−3,3u
±
1,1u
±
−1,1u
±
1,1u
±
1,1
2 +
u±−3,3u
±
1,1u
±
1,1u
±
1,1u
±
−1,1
2 +
u±−1,3u
±
1,1u
±
−1,1u
±
1,1u
±
−1,1
2
+
u±−3,3u
±
−1,1u
±
−1,1u
±
1,1u
±
−1,1
2 +
u±−3,3u
±
1,1u
±
−1,1u
±
−1,1u
±
−1,1
2 = 0; (A.28)
(29) O((±t)−7/2 exp{4iτ±}),
+2λ20u
±
−3,3u
±
1,1u
±
3,3 + 2λ
2
0u
±
−3,3u
±
3,3u
±
1,1 + 4λ
2
0u
±
−5,5u
±
1,1u
±
1,1
+
u±1,1u
±
−1,1u
±
1,1u
±
−1,1u
±
3,3
2 +
u±1,1u
±
−1,1u
±
1,1u
±
−3,3u
±
1,1
2 +
u±1,1u
±
−1,1u
±
3,3u
±
−1,1u
±
1,1
2
+
u±1,1u
±
−3,3u
±
1,1u
±
−1,1u
±
1,1
2 +
u±3,3u
±
−1,1u
±
1,1u
±
−1,1u
±
1,1
2 = 0; (A.29)
(30) O((±t)−7/2 exp{−3iτ±}),
−2λ20u±1,1u±−1,1u±−5,5 − 2λ20u±1,1u±−3,3u±−3,3 − 2λ20u±1,1u±−5,5u±−1,1 − 4λ20u±3,3u±−1,1u±−3,3
−4λ20u±3,3u±−3,3u±−1,1 − 6λ20u±5,5u±−1,1u±−1,1 +
u±−1,1u
±
1,1u
±
−1,1u
±
1,1u
±
−3,3
2 +
u±−1,1u
±
1,1u
±
−1,1u
±
3,3u
±
−1,1
2
+
u±−1,1u
±
1,1u
±
−3,3u
±
1,1u
±
−1,1
2 +
u±−1,1u
±
3,3u
±
−1,1u
±
1,1u
±
−1,1
2 +
u±−3,3u
±
1,1u
±
−1,1u
±
1,1u
±
−1,1
2 = 0. (A.30)
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